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Differentiation Methods in Longitude-Latitude Coordinates with Poles
Using One-dimensional Fourier Transform
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Synopsis

Computation of derivatives using one-dimensional Fourier transforms on a longitude-
latitude grid poses a challenge at the poles. This is because the longitudinal derivative
coefficient, which is inversely proportional to the radius of the latitudinal circle, diverges to
infinity at the poles. To overcome this, a previous study employed a shifted equilatitudinal
grid excluding the poles, offsetting it by half a grid from the regular grid. Here, we present
an alternative approach by deriving formulations for gradient, vorticity, divergence and
laplacian that avoid problematic coefficients by replacing longitudinal with latitudinal
derivatives. Our formulations enable accurate differentiation even at the poles and allow the
regular grid, where the latitudinal circle closest to the pole is twice as far as that of the
offset grid. Placing grid points at the poles allows direct calculation at poles and equator in
general circulation models, simplifying analysis and avoiding post-processing.
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Fig. 1 Input fields of Geopotential height, u-wind, and v-wind (from left to right). The horizontal resolution is
17 grid points in the meridional direction and 32 grid points in the zonal direction.
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Fig. 2 Differentiation using Fourier transforms. Variables are the gradient, latitudinal derivative of wind,

vorticity, divergence, scalar Laplacian, and vector Laplacian (from top to bottom). The horizontal resolution is
the same as in Fig. 1.
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Fig. 3 As in Fig. 2, except that this figure shows the error to the analytical solution, obtained using the Fourier
transform method.
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Fig. 4 As in Fig. 3, except that the method used here is the spherical harmonic transform.
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Fig. 5 Noise appearing near the poles in vorticity. The
abscissa is latitude and the ordinate is the absolute
value of the zonally summed error. The solid line
represents the regular grid and the dashed line
represents the offset grid. Horizontal resolution is

(a) A =x/16 ,AL =x/32,(b) AO ==x/32,
ALl =7/64,(c) A0 = n/64, Al = n/128.

AHBETEEIRT74 NI EELINTHS, L
L, Z0D7 4 )VZ I ZIRTEFIR BRI TH 5
728, BRI O R T B 7 R o St R 43 %
B - EREERRICIT ) oIt 7 4 VY DEIE R
HIERIZ D WT b E 2 083D 5. 55I%, Wb b5
TEPERE RS T 2 K E TOVITEII L, =AY 73>
TRk &R A4 RBRERITI 74 VY DFIFEEHED
2V ETH D,

B

A2 12 ISPSBHITE: 24H00021 D B K % 32\ F 7=,

SEH

Cheong, H.-B. (2000): Double Fourier Series on a
Sphere: Applications to Elliptic and Vorticity
Equations. J. Comput. Phys., Vol. 157, No.l1, pp.
327-349, 10.1006/jcph.1999.6385.

Cooley, J. W., and J. W. Tukey (1965): An Algorithm
for the Machine Calculation of Complex Fourier

— 189 —



Series. Math. Comp., Vol. 19, No. 90, pp. 297-301,
10.2307/2003354.

Orszag, S. A. (1974): Fourier Series on Spheres.
Mon. Weather Rev., Vol. 102, No. 1, pp. 56-75,
10.1175/1520-0493(1974)102<0056:FSOS>2.0.CO;
2.

Spotz, W. F., M. A. Taylor, and P. N. Swarztrauber
(1998): Fast Shallow-Water Equation Solvers in
Latitude-Longitude Coordinates. J. Comput. Phys.,
Vol. 145, No.l, pp. 432-444, 10.1006/
jcph.1998.6026.

Swarztrauber, P. N. (1981): The Approximation of
Vector Functions and their Derivatives on the
Sphere. SIAM J.Math.Anal., Vol. 18, No. 2, pp.
191-210, https://doi.org/10.1137/0718015.

Swarztrauber, P. N. (1993): The Vector Harmonic
Transform Method for Solving Partial Differential
Equations in Spherical Geometry. Mon. Weather
Rev, Vol. 121, No. 12, pp. 3415-3437, https://
d 0 i . 0 r g /
10.1175/1520-0493(1993)121<3415: TVHTMF>2.0.
CO;2.

Williamson, D. L., J. B. Drake, J. J. Hack, R. Jakob,
and P. N. Swarztrauber (1992): A standard test set
for numerical approximations to the shallow water
equations in spherical geometry. J.Comput.Phys.,
Vol. 102, No. 1, pp. 211-224, 10.1016/
S0021-9991(05)80016-6.

Yee, S. Y. K. (1980): Studies on Fourier Series on
Spheres. Mon. Weather Rev., Vol. 108, No. 5, pp.
676-678,https://doi.org/
10.1175/1520-0493(1980)108<0676:SOFSOS>2.0.
CO;2.

Yoshimura, H. (2022): Improved double Fourier
series on a sphere and its application to a semi-
implicit semi-Lagrangian shallow-water model.
Geosci. Model Dev., Vol. 15, No. 6, pp. 2561-2597,
10.5194/gmd-15-2561-2022.

WX ZIEH  2025%8H29H)

— 190 —



