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Synopsis

Gradients play an important role in optimization in both variational data assimilation
and machine learning. Traditionally, adjoint models have been coded by hand for
computational performance. However, recent advances in hardware and software now allow
for the automated construction of adjoints using automatic differentiation (AD). This article
describes the fundamentals of adjoints and AD. Using a simple nonlinear model as an
example, we demonstrate how to systematically construct its adjoint. The Lagrange
multiplier method is applied to derive the adjoint directly from the model’s code, a process
analogous to how AD works with a computational graph. We also show that AD can be
applied to a discontinuous model, a common feature in physics schemes with switches,
such as convective parametrization. A clear understanding of adjoints and automatic
differentiation is essential for the effective use of machine learning frameworks in data

assimilation and machine learning.
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FIHET 2 EICEhOoWM) DEEETRDZ Z £
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T
v, = < ox, ) Vor,h =N-1,...0 (15)

RSN D, MKIREE vy = aJ/oxy H 5 NI K (15)
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M A CRRICIUERT 2 L& 2 615208, HEbitE

FRIC TRV, FuERTo (Bafis LTo) I

WThD, RETOARIEEL 2TRERD 2720,

BiSAHE CIRRHCERDBETH 5.
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WHEHED D 5. BEDHEEIR04H)D Y a Ef5h%
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AR T2 2 L3 CE S, A19)E, T TFILOMKIHEE
BIZOWTOMIIRA) TRD KA T v 7T
DARETS % HT 72 b D DALY, HWORlEZEEC
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(A)XTANITIF T 7o v P 2 HBIIE N WD T,
RANYD 7 77 v 2 B ZARNICHE 2 3% 7
v, BN TIEIZRD EEB D TH B,

FlfEZEBIL0I WIS %,
Rz T3 50T, a— F2uEIu), L—
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ETNDOREIZOWTOWIZEEL, —DOHiD
ATy TOREFRBEHT 52 (18D _FHD
ROFUE2HE) . BM»H 2257 v 7Tk, H
HIASMREEITIRIET 5 DT, HIWDIREIZOWTD
Moz s (FFELHE) |
EFNLOHEEBICOWTOMD ZHEL, 20
ATy TOREFREEH I CNZLEEZ LT, i
WEHOMMEZFE S 2 (X(19) .
2.2.2 BEIRIEREETILDREHDFI
BEREDHI & LT, Lorenz (1963)F 7L

X=—-06X+oY
Y=—XZ+rX-Y (20)
Z=XY-pZ

DREEZ RS, ERICEulerd: 2 v 2 &, R (20)iF
List. LIZR$ & 9 iclfifdb s n .
FEROFIMEIHE->T, ZDa— FolEzES &

List. 20k 92 5. #lziF, List. 103fTH%Z b T
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x[n + 1] « x[n] + dt * s * (-x[n] + y[n])
y[n + 11 « y[n] + dt * (-x[n] * z[n] + r * x[n] - y[n])
z[n + 1] « z[n] + dt * (x[n] * y[n] - b * z[n])

List. 1 Lorenz (1963) model discretized in time using the Euler method in the R language.

ab « ab - dt * z[n] * az[n + 1]

az[n] « az[n] + (1 - dt * b) * az[n + 1]
ay[n] « ay[n] + dt * x[n] * az[n + 1]
ax[n] « ax[n] + dt * y[n] * az[n + 1]
ar ¢« ar + dt * x[n] * ay[n + 1]

az[n] « az[n] - dt = x[n] * ay[n + 1]

ay[n] « ay[n] + (1 - dt) %= ay[n + 1]

ax[n] « ax[n] + dt * (-z[n] + r) * ay[n + 1]
as « as + dt * (-x[n] + y[n]) * ax[n + 1]
ay[n] « ay[n] + s * dt * ax[n + 1]

ax[n] « ax[n] + (1 - s x dt) * ax[n + 1]

List.2 Adjoint of List. 1 without the gradient from innovation.

ar « ar + dt *» x[n] * ay[n + 1]

as « as + dt * (-x[n] + y[n]) * ax[n + 1]

ab « ab - dt * z[n] * az[n + 1]

ax[n] « (1 - s % dt) = ax[n + 1] + dt * (-z[n] + r) % ay[n + 1]

+dt * y[n] * az[n + 1]

ay[n] « s * dt = ax[n + 1] + (1 - dt) %= ay[n + 1] + dt *= x[n] =*

az[n + 1]

az[n] « -dt * x[n] * ay[n + 1] + (1 - dt * b) % az[n + 1]

List.3 As in List. 2 but for the refactored version.

ZRERLIBDZERLIAATRI XY g OUifl ab (b
MHEEBICIZ a 22 Tw3) BRSNS, REESK
z DFERE az b EMEICList. 1031THZ z[n] TR
FLbDz azln + 1] Z2FUCTCRLIATZ LI
&b az[n] »Hons.
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B dt D3> EEZRD T &
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s, Renhofadix, Koz BAEML LiTHIc#E
LAbDERIMELZDDE LT3,

List. 1XITRETH 225, NEITE TIN5 o HEREMN
WAERTE S, ZoFHEIZ, BEMO»EHESS 7%
JHOTIT > TwB I & EHNLTY S,

List 2% F\ 72 IR AE L N8 5 X & #E7E & List. 3D
F h RQDICES S HIHIREBOHER T, 3

R B O RR E LT, F4.28i11RT,
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ZOfiTIE, FTMIEIET KL RAHEICOV
TR, HEMS ORI EZHS 2T 5, XKICHBIM
SO EFE ST 7 2\ Ao DA I
WG

3.1 WADEERE
W DFETEIIOIC S TE S (Margossian et

al. 2019)

L. fENTIIMGT: ARDS T OENTINICEIE T %, B
TIROEMTH %73, HH & a— MUz
LD P g0,

2. #2455 a— FMMUERB 7203, 1ZE/NREBGERZD
A2, HHEDE I R
T C IR,

3. EEa BEE DS, A ' VAR O,

— 161 —



4. HBOr: (BRI OREFC) B O I3 R
PO IS PEi L 9 %, FEEREITHERDS B 2D,
BEIC R oSy r — O DMERET 5.

32 BRAT v M
FEOMSDEFEFE2IIR L DI, EEB

fODHIRZESy

, f+h) —flx—h)

fx) = h (22)
FAF Y 7R h DS IEEEfMIC RO 5 308, &
ED/INE LT ED LFEINIURBGRAE DB 2 2T
5. —J BB E 5 2T — 7 — B

f+ih)=f&x)+ihf'(x)

h2 ” l h3 3
—5ﬂmm—§Tﬂkm+“

T2, BED»oMIVOR)DEETHHETE S
(Lyness 1967, Lyness and Moler 1967, Squire and Trapp
1998) .

(23)

f(x+ih)
m——-
h
R¥Python® & 9 A EEHTIE, Bz HSHI 2L
%L, BEROBHE L 2 TRy ZFHET 2721 T
FE MM 50 %, Fortran®C7z E WA IT S

J)~1 (24)

relative error
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(@]

1e-10

1e-13

o FD
1 x x x x x x x x X x CSDA
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1e-19 1e-16 1e-13 1e-10 1e-07 1e-04
h

Fig. 1 Relative error of finite differences (FD) and
complex step derivative approximation (CSDA)
for the numerical derivative of f(x) = x”? at
x = 1.5. The missing values with 4 < 1 x 1071°
of FD are due to the loss of derivatives, i.e.
fx+h)—f(x)=0. The missing values of
CSDA ath =1x107%1x 107, and 1 x 10719
are due to perfect agreement with the analytic
value up to the machine precision.

N \\\%\‘300//
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Fig. 2 Optimization of the Rosenbrock function
(1 =x)% 4+ 100(y — x?)? from (x,y) = (=1, - 1)
using the Gauss—Newton method. The derivatives
are computed using CSDA. The numbers of
iterations are marked in blue.

FECOERERFERICE SR 208D D 508, i
M HEARZHECHEE. kl, #@ESLTER(e)
WD L7703, T E B E F N T NERERET
22 EICED AR PLETNVICHERTES LHIZT
ZIRDPIBE I N T % (Cervifio and Bewley
2003) .

BilE LT, Fig. LIZf(x) =x"20Dx = 1512813 28

o
—

-5 0 5 10

Fig. 3 Assimilation of a wind speed of 3 ms—1
with 10% observational error using the maximum
likelihood ensemble filter (MLEF). The black dot
indicates the first guess at (2, 4). The the gray dots
are 1000 ensemble members generated by adding
Gaussian noise with standard deviation of 2. The
blue dot indicates the MLEF analysis using CSDA
derivatives and the red + is the analytic solution.
The donut-shaped area spanned by the two circles
indicate the wind speed with one standard
deviation. The Gauss—Newton optimization is
used with tolerance of 1074,
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s (FD) E#EHF AT v 7#Hr (CSDA:
complex step derivative approximation) % V>, %
HIZ R D 7 AR % % (Squire and Trapp 1998).
FDDMN AL, MOFRAE L UIMEREN NS v 2T
2 FoOffE

1/2
opt = % (25)
BREFE WA T3, I 2 CuldHEE CHEBETIX
ur111x10710 1 /u 1.05x 1078, TH 3. Z Dl
THRB S &, hoy~125x1077E % % 28, WIS
h=1x10" TSI ARSI TW 23

WFERAT v 753 % 5T, RosenbrockEK#X % 5t iE
b U 7zfl % Fig. 212/”" 7, Gauss—NewtoniEZ F\» %
&, ENTHNIC RO 7y 2 CSDAICIE S AT H2 2
7 v 7 CIR T % (Enomoto and Nakashita 2024), JEH
DEIETH2R T v 7 TN & DARFRA20.0375%
DAEWZIR L 7z (Fig. 3).

33EHEI ST

BB X, HTEMTENH 2 (Iri 1984,
1991, Baydin 2018, Margossian 2019) . (6)D A,, 2=
(14D 0%,,41/0%,, DFITE VT, {77 PR EL
IZFEN DI 7 EE Z ST (forward mode) MECY, H(5)
RGBT %, W4T (reverse mode) (FAEICKE DT 72
DT, FEFEGRA(T)D 2\ IZAS)ITHIRT 5.

FHROMBBIIFE 7 7 TRTILEWITE S, Th
ZHWT, —HOMEFT LB X D BEDIC &
D ABAEIRE NS 2 LERT,

Fig. 41, 3 (Q20)IZ/R L #zLorenz (1963)DZD 4505
—HOFR Y77 Th 5. MTORINSHICIIELZ
T 2IELEITREZRTHIE DY, ELHiE2 DL
B3 7= oifinnzmd, BT, voRINDIEH

Fig. 4 Computation graph for a nonlinear term XY
that appears in the tendency of Z of the Lorenz

(1963) model. See Fig. Al for the whole
computational graphs for the three prognostic
equations. Arrows represent the back propagation.

WCIMA T A B az IR S 2. MAT T, Hilcm
DPOTANT—=F%2REY, G (3=vn=2) T3
i, RTRINZBRICOVTHM (dvz/avy
F¥ovylovy) ZEHRES 2, WifrTld, 77 7z
W2, FFREEERay = LML L, MEfT & fia &

WBERE R RIS hd o, HHANC X b BEFEA B OME
%i@%.ﬁﬁ@mgAqumza%a%%wmzo
DIRADEE S 7 7 ZIRT,

FHELT T 700 X B Aoy i, 218 IR R E
frelftoslfazoboThh, F228ilcmL
a— FOEfTH S BErEE T %2 BT 3 5% i
T bDTH 5,

34 B8WMD/\y T —Y
HEM o OREZEL Sy r =24 8H 0,
https://www.autodiff.org/ICE L O ENT VS, ZDIH b
DL DD & Tl IR,
BRI Y =Lz —2ABRICE 2D TH 3
(ADIFOR, Tapenade, Adept) . R I N7 a—FiZ

Tbl. 1 Selected list of packages for automatic differentiation.

package language feature reference

ADIFOR Fortran source-to-source Bischof et al. (1996)
Tapenade C++ source-to-source Hascoet and Pascual (2013)
Stan Math C++ operator overloading Carpenter et al. (2015)
Adept C++ operator overloading Hogan et al. (2017)
CoDiPack C++ expression template Sagebaum et al. (2018)
PyTorch (libtorch) Python (C++) eager execution Paszke et al. (2017)

JAX Python XLA compiler Frostig et al. (2018)
Enzyme LLVM IR optimization of IR Moses et al. (2020)
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Tbl. 2 Variational initial state and parameter estimation of the Lorenz (1963) model. n refers to the

number of iterations.

gradient optimization n r o s X Y VA

truth 32 10 2.667 |1 3 5

first guess 30 11 2 1.1 33 5.5
hand-coded adjoint nvm 365 32 10 2.667 |1 3 5

_ hand-coded adjoint BFGS 39 32.00 10.00 |2.667 | 1235 2.702 | 4.975

estimate
torch for R L-BFGS 62 | 32 10.00  2.667 | 0.8989 | 3.128 | 5.012
CodiPack nvm 358 32 10 2.667 1 3 5

NHEDSHER S 2 B35 5 2 L35 \»h3, a v Tbl. 2SHIIIRIE L V8T A & % [l 2 HE5E L 7oK

LTHEITTEZDT, HEPLXEVHHRED K THA
TH 5. Adeptid RRIBHFEDWIEMER LTARL
TVR2bDTH%, RICEL LD, HETOSE
EREPCHDOFHEHEZTEH L2 bDTH S, Stan
MathlZ XA R 7= T D SFED 0 DB T4 7
79U TH 5. CoDiPackZMANFIHENRETH D,
Ny DR THR I N TS, Baumgartner et al.
(2019)4&, I FHIE > ¥ — (ECMWE: European
Centre for Medium-range Weather Forecasts) 2Bk
¥ A7 L (IFS: Integrated Forecast System) DZEA ¥ —
L DLBLEHRIZ CoDiPack % V> 7z,

PyTorchi3 WY EH CARDH 274 77V D—D
T, FKTHOPTLI L TAISNT WS, AR
P&RE (Xlibtorch & L CCHTHEINTE D, ROA ¥V
Y—7x—Abd 3. JAXIIFEIERIIEEZHNE L
Python7 A 77V TH 2., AT bILI¥a 7 L
FEEDNA T v FREAKRIEEE TV (Kochkov et
al. 2024) IFJAXTRA I N T3,

Enzyme (Moses et al. 2020) X, 2> /84 5D 77
7’4 v CHEIE#E (IR: intermediate representation)
Az ERT 5. C/C+H721) Tk £ FortranZ & Lk 4
BEMBICEMTIRET, avy A VIckhEERTHS
EERRELTVS,

4. BEIRD DB

COfficld, FEREIE T (Lorenz 1963) & A3Hif:
E 7L (Zhang et al. 2000) \ZW§ B4ARTULETIET —
& lfbic HEM D = @ L 726D \WTR T,

4.1 ERBETIL

Lorenz (1963)DE T)L% T, HEWMRT OMGL%E
9. WA T v 7O0E120.0113 513200, #EE%%
J& L 2 WEHA360, 120, 1802 7 v 7HIZE SN S D
&3 % (Huang and Yang 1996) .

RamRd, HELTitEE TV EHOIGETY,
BOBELTERZN S D85 X 71 & b KRB il
13572 % (Nash 2020) .

HEI I & D Red 72 ABLEIFIC X, torch for R &
CodiPack% FH\ 7z, torch for RD HENMS % AINLEHE
12, L-BFGS% ke fbic 725413tk 70 E R
ADBFGS & AREDRHEETH 523, I DIEERET
AR 7V 7 55 (Nocedal and Wright 2006) % @9 44
BH 5, Hll%E CodiPack TEHTE L, mi#{kicnvm%
F 725403, WtE2 W86 L RIS ©
BEICHEETETV S, ORI, BEMTIEAR
ZIEMEICHEE LTE D, HEE ORI I3 R o E
ThHhHILEEZRBLTVDS,

RIZST A ZIFIE L OEICEE L, PR % #EE

TAMEZ AL, JAXTEOAIEfTEFLVICHT 2 H
By 2 A L 2 fE 80, BEREE T 2 ks R
(Huang and Yang 1996) ZFHBITE 2% (Fig. 5) . W
ODPDN=FY 27 TRV F =0 ZfTo 7%
(Tbl. 3) . 2%V 2 TIRBEMEE TILDHDE VI
3, JAX D Just In Time compilation (JIT) 12 & D 57657
B hEn 3, JAXIZGPURTPUZ HV: % & NITORED
I HITKREL, T4TIES53506%, A100TIE498f%, voel
TPUTIX1228fF b X 1, T4LA100CIXBEREE T
VDOFEFTHRZ KE { Flalo 7. —/HTPUTIEHEfEE
TNADHBPIITH HIJAX L D b#H W, MacTIE,
EnzymeldJITH D JAXD5054f58 vy, B—2 L v R
B, AL NVDOERIFKE N,

4.2 TEHETIV

H BN AR 2 T TS b TE 2 D HER
%, ZZTIE, BHEICBOLTREZLSRR R 257
(Zhang et al. 2000) % i\ 5,
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—— cycle 01
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Fig. 5 Variational assimilation of the observations at t = 0.6,1.2,1.8 (step 60, 120, 180) using
gradients with automatic differentiation in JAX. Cycles a) 1, b) 2, ¢) 3, d) 5, e) 10, and f) 30 are
shown. Blue, orange, green, grey dotted curves represent X, Y, Z and true values. Plus marks are

observations.

Tbl. 3 Benchmark for the initial state estimation with %timeit.

gradient Hardware time
hand-coded adjoint 92.5 ms
JAX without JIT 263 s
M1 MacBook Pro 2021 32GB
JAX with JIT 4.64s
918 ps
Enzyme AD
AMD Ryzen 5 5600G 32GB 279 us
hand-coded adjoint 1.09 s
JAX without JIT Colab T4 626 s
JAX with JIT 117 ms
hand-coded adjoint 641 ms
JAX without JIT Colab A100 319s
JAX with JIT 44.8 ms
hand-coded adjoint 162 ms
JAX without JIT Colab v6el TPU 199 s
JAX with JIT 258 ms
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a)  X0=2 no line search b) Xx0=2.29 no line search
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Fig. 6 Minimization of the discontinuous cost function from different first guesses: a) x5 = 2,
b) xy = 2.29, ¢, d) xy = 2.8 without (a-c) and with (d) the strong Wolfe line search.
= X, +f(x)At 27 x>
Xpgl = Xy f(f) 27 VJi(xg) = x“(fR) =2x(tR)X(tR)
FA{LRRIEBF R 7 v 7405y 0x( 0xg
_ 0x4 0x3 0xy 0x|
IR = fo + 4A1, A = 0.1 (28) = HUR) G o, Oxy oxg (30)
&L, HWERBIZZHRE LT 5. 3 o
=x(t 1+Ar—
Ji(x) = x2(1R) 29) sl o |
l
HINBERBOFIRZNC B T 2 ARIERD & I IcRI -
2 AMCDEEIC 1Ztorch for RO HENY, HedE izl

L-BFGSZ v 7z, HIEEUZ € 7L DA 0 5%
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T2 (Fig. 6) . x9=2,229%5 (a, b) TIXHM
WRICK 2 ZEBIIA SN2 0DY, xo = 2813 AR
R LTI4RA Ty THUML797 Tl T 5.

Tbl. 4 The number of successful convergence to the global minimum at 0.5 from x(y varied between 0.01 and 3.

ox 0.5 10 15 20 25 30 31 32 33 34 35
no line search 300 300 300 299 | 300 298 300 300 299 300 @299
no restart
strong Wolfe 300 | 300 | 300 | 293 | 299 275 283 280 273 274 266
no line search 300 | 300 | 300 | 300 | 300 300 300 300 299 300 300
restart
strong Wolfe 300 | 300 | 300 | 300 | 300 300 300 300 300 298 290
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RIZHHETOBR AT BRI D W TNz,
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Fig. Al As in Fig. 4 but for the computational graphs for the three equations of Lorenz (1963) model.
Panels a), b), and c¢) corresponds to X, Y, and Z, respectively. Adjoints for parameters can be omitted
for state-only estimation and are coloured in grey.
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