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Synopsis

A primitive equation model using radial basis function generated finite differences

(RBF-FD) was developed. The new model can use any quasi-uniform nodes because RBF-

FD is a meshless method. In addition, RBF-FD can achieve a high-order convergence. A

test case of baroclinic instability was used to evaluate the primitive equation model. The

test case examines whether a new primitive equation model numerically converge to the

solutions of the test case. In the test case, three norms of vorticity (2-norm, infinity-norm,

and infinity norm of 2-norm of gradient) are used to check the convergence of vorticity

field. The results show that the RBF-FD model approximately converge in 2-norm and

infinity norm of 2-norm of gradient, but the infinity norm is smaller than the numerical

converged solutions. The smaller infinity norm seems to be due to a Gibbs phenomenon

in the reference solution or to a different formulation of hyper viscosity.
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1. [XLC&®IZ

Radial Basis Functions (RBF) % f\\7=Ekim LD
Wy RO L (RBFEEHUL FiE) 13 A v 2 LA
ETHY, BUTTHVLEA TS AT MLFEE
R4 OKEE T 5 (Flyer and Wright, 2006 ; Flyer and
Wright, 2009) . L %> L RBFEEHUL F 5 XRS50
BRIZ, EiREAENE LIRRCEHRENOWND) NN,
KRBV SIS L TWev., & 2 TRBFZ W TAE
BRI N 7= A BR7E5y7% (RBF-generated Finite Difference
(RBF-FD) ) M KB FHRICH WS TV 5. RBF-
FDIZ @R ORBI IR A HRETH Y, Ay al
AETHD. A vy a VAEFREIICE O THE—4
iR EE WD Z N TE D, WA E AR

EIXHEHAMBEESTE LR TAS<EOATND 2D,
CFLEMHTHIK SN DX A 2 AT v TIRELS END
5R7A 73 8 % . RBF-FD % ER T L D {5y 75 # 2AUZ 3
L 7= HF4E F 13 i€ 7 /L (Fornberg and Lehto, 2011;
Gunderman et al., 2020) & &K HRXET /L (Flyer
etal. 2012; Tillenius etal. 2015) 23&% v, ERm FAFEE%K
M LT AR PVEBIERSRNER T T —F ik
VDR VHIEA B THEBETE LI EARES
TV, F e KEBFH B W T 72 FE R o iR
HiTHIL TV 5 (Bollig et al., 2012; Tillenius et al.,
2015) .

2WICERTEE 7 VIZBE T 28 T it T\ 5 —
FTC, 3R T 4 7 HRET AV OBIRIEAT
ATV, 2 Z TR TR R OBEBILIC
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Fig. 1 Gaussian radial basis function
(GARBF). The horizontal and vertical axes are
the distance between nodes and the function
value of GARBEF, respectively.

RBF-FD%, $hE G IEZSEEEA L7 ) 27
AT HBERETLVERE L. EBELEET VI
Polvani et al. (2004) TIER S NIHERZED T A k
= ATHRENFEMIND.

AL H 28 CRBE, H3EH TV I T 4 7R
X, FAHI TR LBEBEICOWTE LD D, B
SEITIET A M7 —RUTDOWTIR, H6fi T E
BOMRERL, BIHAr—I T 4 —DORIAEEAT
Y. EBSEITHRREEBERL, B TEKkOE LD E
T 5.

2. Radial Basis Functions

Radial basis functions (RBF) X EEHfED K775
BEThy, HEEREIN TS, KPP CTIX
Gaussian RBF (GA) % V72 (Fig.1). GAIZEL TR
THEIND.

(1) = exp(—£71?)

ridx—27 U v FEEEEN IS HWEN D, X Bk
ERDDEBDNRT A =R —ThHb. ek K& LD
FEEWEEE TR X F0DEIZR S,

2.1 RBFR#&E
RBF-FDIZRBFNFFE 2 HE M STV 5728, RBFI
HOME 2% < JlEENTWD . Z D7z HRBENTE.
SIEICHIAT 5. RBEANFRIL, BTSN R A vy
2 L ABIZER S AR TH S, NFEEITRIERK
LT ARBFEEALEOBTERIND.
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Fig. 2 Node selection in a unit plane. Green and
red nodes are all nodes in the plane. The red nodes
include the central node and its nearest 50 nodes.

) = 5() = ) wi(®) W

BAWITRAEENDIRESND . BASMEEX
NHRS 2 BIZL DA D72 TV B I BV TN
BB VLD E W R TH D . ERSRMEERT
&

fx) = Aw
Aij = d(|lxi — %)

Ly, B BREXE LW TwERET S, IELE
BLHEDMICHAND EEEORTONFEIELND.
GATILeZ/NE<LWMBD I LT EEERNEN
TEDN, e/hS LT L&ME1EmLS D,
BN FEE EREICHELS 2 EDNREEIZ R0, KBEDN
%bH5.

2.2 RBF-FD

RBF-FDIZ48 53 & 3K 6D 5 ki & nfll DU F D 5 6 72
Hn+ MEDO S (AT b)) (Fig. 2) ZHAWTHS
EEHETLIFIETHD. MOETERqET— 2D
DOF1TFH T2 (Wright and Fornberg, 2006) .

BT 3 ODAT v 7T TRDD. DnaERD-
WAL (R o ons (Fig.2) 2KRo 5. 2)
DR ESEE ORI BT B Hi R ERRED 1T FIA% 5
B4 2. 3) L TFTOEN FREAE EWTELACERET
5.

Rc=b
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04,
~ox
A, = [¢1,1' e P11 1]
e=[11,..1]"
elin+ UHD 1 ZFOFN7 ML THD. A, OM
Iy IS & I TAT 5. RBRIZEERECHy L, BREfE
rEx TG T 5. T8I0 FIVOERED UTFEE
EODITAN, HEINDcOREDERc,, 1 13E
HELTHWRW., 20 k5 CEHELE
nfEOEREEFFOckITRT by & LTHEA BT T
FIDHEAED, MBI TFO X S IZEHET 5.

b (2)

= <

RBF-FDISARE 22 E HEMRHTIC BT, IED FEEFE
RO, ZOEDEFEA ML BB O % E kI
LA Te 7o O A M 2 R oy T RSN 2. 5 B
73 % (Fornberg and Lehto, 2011) . #kEMEIXL (2)
DO a2 AT X2 CEHHAET . FRRITTLT
OEITLTIMAS.

af . Y
L+ (-1 1WH(D

HITHEREVE, yITEREER T H 5.
3. TUsTq4IHER

7Y 7 0 7 HBRRE TR R L 2R
LR EN D, FPH I RERICITED R, #Higo
X, BNWZOXNEETND. KEHBITEREIE R,
BT B ICHEL U o JERE 2 2 F A L 7=
TVIT 4 T HERRIU T TREND.

au
a2t = V¥~ RaTVy In(ps) — fkX U 3)
dT kT
@ " op? 4)
a 1
sinpe == [ V- () do ®)
0
g
Y= —Rdf Td(lno) (6)
0
0
w = oU - Vyps +alnpS @)

U= [up’vp]
K = Rq/cp
o =p/ps

Up (TP, vy TR AL, PIXTART v v
pIFRIE, plIMFHESE, fITa VAV T A=
—, RUFFERNADORRELL, o TEELI. 775
YV aIEUATORNTREND . BIERDKES
0D AT IT I Fha ST 5.

d a )
a=a+U-Vh+o%
. do
7% ar

4. BREESD & BERE

AEITIIRFRR Y & BB EICB L Tl b
Z OEILIBEDURT-D 72\ KI5 8 D BB 4 TR
]tT NV NEERDOR S TH D, T ML ETT
FIDOEFLICLLTFONL— L Z2EmHAT 5.

7 FVEBoldfED/INFE TR L

v=(u,v,w)

HETEOEREW_T=_T MV TR E D
BoldRD/NLFTHE L

v = (v, ..,0y)
1751 % Boldfk D KL TR .

4.1 BEE»
B A 0 12 134V 0 5 L9 Runge—Kuttay®: % i
HL7-.

4.2 KFE - REARDEH REE

AT NI IE20H A #F (Fig. 3) Z 7=, i
BEFEIIEAY v T— R 28AT 5 (Fig. 4). &
OFLE TV, BREZANA—T LV E TR
T5. BEEZKETDH L, RIEDo,THY, HER
MOgs1) CHD. TN L ITIT T REL L VA RT
Vb, N—T LoYUZII SR E o B E S
5. RIELHFERICH T 28MEROER LML ITe=0
Thd.

TN DolEN—T7 L NS TFOX TR
HHND.
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Fig. 3 Icosahedral nodes. The number of grids
is 642. The Mollweide projection is applied.
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Fig. 4 Staggered grids in the vertical. Full and
half levels are represented by broken and solid
lines, respectively. Prognostic variables and
diagnosed vertical velocity ¢ are placed on
full and half levels, respectively.

O_K+11 _ O_K+11

1 +5 k-5

O_I}Cc — 2 2
k+lo 1—0 1

k+§ k—E

4.3 HEOEFHEICHT HRE
T v NEFERIZB T D7 R VIZ BRI O B
ZH2 EIFMERNIZY, BEFIELZENT 5.
BRI B (S IZ B EATIIP 2~ 7 RV DL B D
7%,

2

1—x —-Xy —XZ
P=| —xy 1—-y% —yz
—xz —yz 1-—2°

BRATH 2 WD L 3IRIET I v N EEERIZS T
LRI TORNTREND.

V= PV, ®)

V_(a d 6)
< \ox'ay’ oz

FEECH RIS ETHEHWTCEIEATE 5.
RBF % F VN CTRERUE 3 2 BRI X AT 5 & bATHI O
#5295 (Flyer and Wright, 2009) .

a¢

P ¢=(xxtxk—xk)—=Pb
ar

ox
0
dy
0
0z
x=(xy,2)5 %, = (X, Vi, 2x)"*

D, = (Pb)xR_l
(Pb), = [(Pb)l,lv (Pb)1,2' (Pb)l,s]

yIE2AT A, zZB X 3ITH DIT X L Th D.
BT 2 A L1780 %2 v Calid &R
LT X oIcEEEINns.

Vw= [Dy, Dy, D,]
Vpy-U=Du+Dyv+D,w

€)
(10)

4.4 EFAEXOBEE

EnE BB I & BR N T2 K 5 ) oo #Eh 5 AR UL 3R T
TANNEERERONCEHATLIZENTE D
(Swarztrauber et al., 1998) . X (9) ZHWBH LT
b NEERIZBT HEH S ERIILULTO X D ICHE
T&E5.

%+ , u 11
ot U THET 9%, an
v dv + . o0v
ot - VTR T 9%,

ow
at
u=xdu+ydv+zdw

= —dw + i
=—dw+pz -6

du =u (Dyu) +v (Dyu) + w(D,w) + Dy
+RT (DyIn (ps)) + fyw — zv) + Iu

dv = u(Dyv) + v(Dyw) + w(D,v) + Dyip
+RT (D In(py)) + f (uz — wx) + Iy

dw = u(Dyw) + v(Dyw) + w(D,w) + Db

+RT (DZ In (&)) +fOv—wy) + 1w

— 154 —



HNTEBREYE A Lo TR EA EN 5.

XL (1) BT 2 —du + ux DEIFHFREEIEORE
FEIETHD. X7 PTH L THESRZ ML ED
WHEZBY, x& )5 2 & Txiilhod FEHE V-1 A4 ux
FRHATE, dx bR 2 THEPEEY BRI T
x5,

4.5 EFHEOXDERIL
DK (5) OREERILIZN (10) ZHWTUTD
ATREND.

0 Inp;
Cat
Gy = Vg - Uy + uy - Vin(ps)
= Dyuy + Dyvy + D,wy + uy Dy Inps

= —2¥_, Dy Aoy

+v;DyIn ps + wi D, ln&

4.6 BRAZFAEADBMIE
BAEHEA@D L, K@ ZHNTUTOL SIS
BEHIE S 5.

aT
== —u(DyT) —v(DyT) —w(D,T)
0T kT
%5 ops
4.7 wDFtE

wlEX 10) ZAVWTUTDO LR 5.

RTs i, = RT, 0,91 C”T"[A My, +B 1M ]
P Wy = Kt VInpg Ao, ke i1 k- Mk=1

k
Mk = Z GiAO',:
i=1

4.8 SRE0RE
GCIIKERBOEE T )V bJEEERICET L CEF
AR

. a
o =o0g <Elnps) - M,
4.9 SHEBRIEBOBEIL
EIHREOMEBRIZ AN—7 L ~UL TOEDEY L

LT, UFOXTEHAETS.

. 6_u . (ugs1 — ug) G (ug — ug-1)
do k+% Aoy4q + Aoy k—% Aoy + Aoy_q

REOHEBRIIERT vy L e —L
BT VAR T 4= BRFT D LI TORTK
D5,

LoT [ . 1
0% = 0k+% (Tk+% - Tk) + Uk—% (Tk - Tk—%) (E)
RO N—=T LV DEIZU TOXRTHE LS.

T =a 1T, +b 1T,
k+% k+% Kt k+% k+1

Z :“C“ak, bkﬂiU\T@Ji 5 ﬂ:%’%éﬁé

o[ -G

410 DHRTFUIv L
UART X MIUTFTOXTEHESINS.

1~

Y=t +C
=Tok=1,-K

e}

0,l<k
CpAk+1/2,l =k

Cp (AH% + Bl—%)’ >k

o 1\*
k+5
Ak+1/2 =< O ) -1
O'R_% K
By_12=1— o

YIHMBHR DO AR T vy VB ET.

Ck,l =

5. TAMT—XR

Polvanietal. (2004, LLFP04) X7V 25 1 7
KLETNDONRTORRLLEET NVEILERE RS IITA
HEOCHEFENTWA. PM4TIZI2HBE THET S
JLERFBE Y = v MBI AEIERLZER 25 H
T 5. MO CEMM Kb AN T OBIEN
HH AT 2, BEfE - ZZREEE RV Z T T
PEBNZRBND Z BT D, NI EEE LRI,
EFEEE 72 e T L TR ST BB R R A & SRR A
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RuEm L, WMESOHFBERET L ORMEL T~
HILNTE D, ABFFETIFPO4Z V.

5.1 #HELES
POAICEWVWTEZ SN TV A YHEIC SV TR

Wik~ %, JEAEII R R Tl L, dbERTIdmE

JeEF0, WP R, B FOXRTEREND.

u, (8, 0) = ug sin3(mp?)F (z)

r) =3[t - ()| on )

u =sin(0),z = —7.34log(o)

QITMETH D . [IRBILLTOXNTERIN T
5.

a0
ar6,2) 741 u
%0 ——R—d(af+2utan9)a
To(IE7 A U DEERERK, aldHEREHFETH
5.
HERLEZ 5| E# 23 72D OBENII R O KR
Bz bhnsd. BIHIUTOXTHESINS.

7(6,2) = f TO2 4 1.(2)

T'(1,0) = sech?(31) sech’{6(0 — m/4)}

5.2 HERUNR AR
RT A N7 —RIIRE 2RI R ST 0.
UL, BT ETLEMEBE/RICEIY B

FEFELWIRERICIORT 2 Z LA HE SN TWD.

WME R FROEAHVWS, BLTD /) Vv ARGE

Ihb.
1
1 5 2
€Z=E{fff cos@d9d<p}

£o = max|{|
|V | oo MRED AR ) VLD 2 7 JL D KB

IS OWRE ) L A ORFERE S &R AT &
DB LZRCHMEBILICNERT 22 2 BT, £
T/ VAT TIRIRES SR EZ B TE RO T
WD B AT IE T2 2 FEA OB 1 SOOI
KT 22 & BIACHEICH N S.

5.3 ETILOERETE
i S k1310242, 40962, 1638425 D358 Y % 7=,
TS E T L CHRAIR R T A —H —134.6,10,22% F
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Fig. 5 Surface vorticity field. The contour
interval is 1 x 107° s, The horizontal and
vertical axes are the longitude and latitude,
respectively. The contour almost converges at
N40962.

Uz IR 22 13480, 240, 120[s] Th 5. BiALMED
BEHIE6, EEREYIT2x 1071 TH D, AT L
A4 X351 THA.

6. EERER

RABICBIT 2R TRBOMERZEHEHNT LI
Fig. 5IZ/RL7=. N10242iIlBWTHB L ZFEEZI 2T
WHI ) A XN 5. NA09621Z B TS D&% E
FOBIZIZPIR L TV 5.

Fig. 6ICTREE / v A DRFFIF B 28T, £, 138 85K
102420 CTHRIFBED LD EED LR, £,
|V 0lF409621Z W TUR L TH Y, 12H HOEIT
bENCERD . WITI2H B D )V MMEZP04 & Mk
T % (Table. 1) . €5 & |V|oldB X Z5 LU MEIZIL
WL, LoMP0AL Y /NI WEERIZA -T2,
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Fig. 6 Vorticity norms vs time [d]. The vertical

and horizontal axes are norm and day,
respectively. N is the number of ICOS nodes.
£5,2% and |V{|, are 2-norm, infinity norm and

infinity norm of 2-norm of gradients,

number of process

respectively.
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Fig.7 Calculation time for 1 day for 21, 42, 83,
141, 166 and 249 processes.

Tablel Vorticity norms at 12 days. The number of
nodes for ICOS and P04 are 163842 and 524288,
respectively.

4, 4o 144
P04 78x107% | 7.4 x 1075 3x 10710
ICOS | 7.8 %1076 | 7.3 x 1075 | 3x 10710

1. RT—5ET4—D&EE

Fig. ic 7 m v A% E L X2 L & D1E OFFERM
ZoRd. W B EEIT163842TH S, FHRFRIC
EETVOPHULN 6T —Z OFiAE X E TORMH
MEENTWD. T 2AFE25 10T 5 & EHHE R
T2y d 112725, LML, et ABRBLE11.94%
DRI IEIB L2105 D1OF R BRI /2 572,

8. EE

WMESOBBEMEEZI12H BICEBIT 5 /L ADP04 &
THET D &, £, 8|Vl XFAZEDIE T, LTV
RTHoM. £, RTE T2, RENITHE
BPIIHBRTE TS, L L, 13K, Velxd
L ZRETHLORITRI R ZNRP4LE DMIIZH D .

ST 72 O & BERL O 2D S IRFTT 5. Flyer et
al. (2012) OEKEFBRRXETNVICBIT 2 ER» L
AR N JVZEHATE & RBF-FD T IXGibbsER R IZ L B 8%
BRI B LS STV, PO4ADFIHSAE Tk
T CJRGE 2S5 S kF L CIER [y R AT 72 0,
GibbsHIZENIE X 9 5. ZHIT L VGibbsH G D%
DZEVPHEBALFE TAEL, WRTLIHER R >TWVD
AHEMEN B D

F 7ZRBF-FDCII R EAL D 72 1R % 3 F LT
WHTe, RTORPEEEZ T TNDS. Tk
DG OIRIEAPOLE TH T, RRMEDOEIC DM T
WARIREME N H 5 .

WRICAT—F )T 4 —%RiET 5. 7u2x
DEEIMZAE - T, FHE R OB L 036h - TV <R
AiX, RBF-FDFIEIZEBWTIFIE LT FE TR A
BT BICRDEHMRH D720 THD. WORITHMD
2, WHHRIZ X 2 @mE ki +oic sk TnWa bt
TNFAT—F YT 4 —RHD.

9. F&®H

ARHFGE CTILKFE, SRIE J7 M OB L IZRBF-FD, &
HRESEEZERLZSY T 0 7 BRET 1%
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