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Semi-Lagrange Advection using Radial Basis Functions on the Sphere

FEA N
Takeshi ENOMOTO

Synopsis

Radial basis functions (RBF) have been used to construct an interpolant from scattered
nodes, such as quasi-uniform nodes on the sphere. The RBF advective operator was shown
to be well posed on the sphere and an Eulerian advection model on the sphere was
constructed in the literature. In the present study, the advection operator is replaced with the
upstream trajectory calculation and RBF interpolation to construct a semi-Lagrangian
model on the sphere. The semi-Lagrangian model is found to be more accurate than the
Eulerian model in the advection of cosine bell and to have much smaller ripples away from
the bell. The semi-Lagrangian model presented in this study is a promising approach
because of better accuracy and a longer time step than the Eulerian model.
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Fig. 1 Initial distribution of the cosine bell
(blue) and the error after one revolution for the
centred finite difference (X 0.1+ 200,
yellow), spectral transform (X 100 + 400,
green), RBF-E ( X 100 + 600, red), and RBF-
S (x 100 + 800, purple) advection schemes.
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Fig. 2 Distribution of N = 512spherical

helix nodes on the sphere.

2 = lcos 0 cos 0;sin(4 — 1;)
ar ! !
ﬁ = l [sin 0 cos 0; cos(A — A;)
900 r ! !

—cos @ sin 65]

L7 %, RBFOAEZ

dgp;

1
V() = —— [cos sin(t; = 2)e;+

r

{cos O;sin 0; cos(4; — 4;) — sin 6; cos 6;}ey

EH D, ORI
~u-V;h =Dh
Z ZTDb=BA ¢, BOE#EIL

bj = 282[14 cos ¢; sin(4; — 4;)

+v{cos g; sin 6; cos(4;4;)

—sin 6; cos Bi}]gb(rij)

L%,

Fig. 3 Interpolation along the helix and

a meridian
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Fig. 4 Three-dimensional visualization
of the initial cosine hill. The height is
scaled by 0.1.
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Table 1. Error after one solid body revolution
for RBF Eulerian (RBF-E) and semi-Lagragian
models using RBF (RBF-S), cubic spline
(CBC), and monotonic piecewise cubic (PCH)
interpolation

model “n s

RBF-E 7.98E-03 3.88E-03

RBF-S 3.91E-03 3.07E-03
CBC 4.98E-02 3.50E-02
PCH 3.70E-01 4.43E-01

WIFAMEIZ XS 2 B DEDHXERZE % Table  1IZR
F. RBF-E £ RBF-SIZCBCIZ X LC14ff, PCHIZH LT
OHTRRE AN E Vs, RBF-SI3 R[] A i % RBF-E &
DBHIMERELM>TVLRICHEH ST, AT FE~R
BT CtHh2, £HEF (multiquadric, MQ) RBFd
AL THZD, GA RBFOHPEERRRED - 72,
RBFOFEBHIC X DB ST X 710§ 2 IRENERL %
DT, BRI T A Y ZIHEET 2 2 LI & D iRAEIEEA
T3 HeED D 5.

CBCIIR M D372 L2 I3 BE I 72 5, PCHIZA M4
THIFEAEE TR, FTFRICH- AR
T, CBCIIREMH AT E2Er¥ 5705, PCHIZX
THTH 57 DRI B L %W,

1% DD & WIHHiE % 5l V> 725346 % Fig. 512, 3R
JLAEME L 72 b D% Fig. 612, £H,DREfFE (CBCIX
0.1f%, PCHTIZ0.01%) %Fig. 7127"F. Table 1R &
T\ ZRBF-E L RBF-S L i IZABRETH 2 23,
Fig. Sa, bDZ2M 3% K $ % &, RBF-ElZ/NhI iz
WO EBRICEAEDIENS > T3 2 L5 h%. RBF-E
ERBF-SOED A, 1RIGDHA (Fig. 1) DR
OB EFEETH B, CBCEPCHIZ b L —Y DR
THMERKE Y, sz ZATIERBF-EL D H/)
I\,

4. FE& & &

RBFICX 22X I - 575 v aBiiE
FNERREEL 7, BIEfEOR#EERICEB L, K
MDORICE T 5720, BATTAR B 2 1 0T
BT, EOTEPARY MLiE, RBFDER T
EHOWIAA 7 —BRAX—L ERFEHO ML —Y %
LA S 2 EBCHEE - MFEL 7. RBFZHWAAA
=, kT IV BRED, ENEIVEE
BRI B, AT FMIVIRICHET B Z LR E N
2. AA 7B TIREEIIEFRITEB > TWED
WKRL, £3 375 vPalBifizluiBaidsk
MO, SN EIATOBEIZNS VL
(Fig. 1) .

a) 7 b) )
JEEAN AR
[ HEERARNY JLTTEVVN
[T HRRRRNY [ HRRRRNY
L] HEERERRRRRR L] HEERERRRRRR
T T T T SN EEERENNEN RN RN
AV BN AAVAVL T BN,
1)) BEEENY
W]/ \V ]/
i {
EA‘L‘JE‘HOL‘.UQE *4‘,“5‘,0‘5‘”0‘3“‘5‘2’
C) ;rror d) error
JAEAR [T
[/ LY LRV
////////!/H \1\\\\\\\\\\\\\\ /////////f/f///ll H\\\\\\\\\\\\\\\
B EEE EENERRNEED, SN EEEEREENNEN RN REEND
AL 177/ A BENENY.
\\\\ /// \\\ ////
\’//
[ [DNNEEEEEEEEERY 0 | [ [DNNEEEEEEEEERE |

40 36 -32 28 24 20 16 12 -8 4 0 4 8 12 16 20 24 28 32 36 40

4100 80  -60 40 20 0 20 40 60 80 100

Fig. 5 Distribution of the error in terms of the difference from the initial condition after one revolution
for a) RBF Eulerian model (RBF-E) and semi-Lagrangian models using b) RBF (RBF-S), cubic spline
(CBC), and monotonic piecewise cubic (PCH) interpolation.
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Fig. 6 Three dimensional visualization of
the difference from the initial tracer
distribution (Fig. 4) for a) RBF Eulerian
(RBF-E) model and semi-Lagrangian
models using b) RBF (RBF-S), cubic
spline (CBC), and monotonic piecewise
cubic (PCH) interpolation.
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Fig. 7 Time evolution of normalized £,
error for RBF Eulerian (RBF-E, black)
and semi-Lagrangian models using
RBF (RBF-S, blue), cubic spline
(CBC, red), and monotone piecewise
Hermite (PCH, purple) interpolation.
Note that the error for CBC and PCH is
scaled by 0.1 and 0.11, respectively.
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