
1. Introduction 

The prediction of non-cohesive sediments transport 

is vital importance for the maintenance and 

management of coastal environments. The complexity 

of the phenomena entails the use of semi-empirical 

formulas which can be used in depth averaged models. 

This paper presents simple and robust formulas for the 

bed load and the suspended load for a wave and current 

interaction, including breaking wave effects. 

2. Bed load 

2.1 Steady current 

Sand bed load transport was first studied in case of 

steady flow. The earliest formulas still widely used 

were based on the concept that bed load is a function of 

the bottom shear stress (Meyer-Peter & Müller, 1948; 

Einstein, 1950). The bed load appeared to be 

proportional to the dimensionless shear stress (or 

Shields parameter ) to the power 1.5n . The 

Shields parameter is defined as follows: 

50)( gds

c
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where c is the current related shear stress, s and 

 the sediment and water density, g the acceleration 

of the gravity, and 50d  the median grain size. A 

critical value of the Shields parameter cr  was used 

as a limit beyond to it no transport occurs, such as the 

dimensionless sediment flux, 
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where /ss is the relative sediment density. 

This kind of expression however appears to 

overestimate the sediment flux when the Shields 

parameter is a few times larger than its critical value. 
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Moreover, the prediction of the critical Shields stress is 

subjected to some uncertainties. Thus, as observed in 

Fig. 1, some sediment transport may occur even when 

cr because of the uncertainties on its prediction. 

The data used were selected assuming bed load was 

prevailing: i.e. laboratory data with flat beds (from 

Brownlie, 1981), river data with gravels (Smart, 1984, 

1999; Nikora & Smart, 1997), and sheet flow data in 

pressured close conduits (Wilson, 1966, Nnadi & 

Wilson, 1992). 

A new expression for the bed load transport was 

thus introduced to improve the prediction of the 

sediment transport for low values of the Shields 

parameter by introducing an exponential expression of 

the critical Shields parameter effects: 

c
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where a calibration with the data yields 12a and 

5.4b .

Tab. 1 presents the overall results for the studied 

formulas (Meyer-Peter & Müller, 1949, Nielsen, 1992; 

and Ribberink, 1998) and the new equation. It appears 

clearly that the new relationship improves the 

prediction of the bed load fluxes. In Fig. 2 is presented 

the results obtained with Eq. 3 compared to the 

experimental data. It appears that the results do not 

depend on the data sets except for the Willis et al. data 

where a large underestimation is observed. However, as 

fine sediments were used for this experiment 

( 1.050d mm), suspended load is suspected to have 

occurred during the experiment. 

2.2 Wave and current interaction 

(1) Development of the formula for a wave and 

current interaction 

In order to generalize the proposed formula to 

include the effect of waves, Eq. 3 was written in the 

wave direction and its normal direction:, 
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where a and b are coefficients (with the tentative values 

of 12 and 4.5, respectively, as given by comparison 

with steady current data) and the subscript cw refers to 

waves and current in combination. Eq. 4 was proposed 

a bit ad hoc and would describe sediment transport as a 

product between a transporting term ( netcw, ) and a 

stirring term ( mcw, ). The stirring term may be 

estimated based on the mean combined shear stress 

from waves and current, which for an arbitrary angle 

(cf. Fig. 3) between the waves and the current is 

written, 

Table 1: Prediction of the bed load transport rate 

within a factor 2 and 5 of the measured values as 

well as the root-mean-square (rms) errors. 

Formula Pred x2 Pred x5 Erms 

Meyer-Peter 66% 87% 0.30 

Nielsen 57% 75% 0.46 

Ribberink 69% 89% 0.25 

Eq. 3 78% 93% 0.15 

Fig. 2: Comparison between bed load transport 

predicted by the new formula (Eq. 3) and 

experimental data.

Fig. 1: Effect of the critical Shields parameter on 

bed load transport rate: comparison between 

data and the studied formulas. 
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where the wave related and current related mean 

Shields parameter are defined as follows: 
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The transporting term is defined as the difference 

between the mean value of the onshore instantaneous 

Shields parameter and the mean value of the offshore 

instantaneous Shields parameter 
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with, 
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where wcT and wcwwt TTT are the portions of the 

wave cycle for which the combined velocity of the 

waves and the current is positive and negative, 

respectively, wT  the wave period, cwf  the friction 

factor for waves and currents combined, wu  the 

instantaneous wave velocity, and t  time. As a first 

approximation, cwf  is taken to be constant, although 

it should vary with time. Madsen and Grant (1976) 

suggested a linear combination between the friction 

coefficients for current ( cf ) and waves ( wf )

according to, 

wccw fXXff )1(    (9) 

where )/( wcc UUUX .

(2) Comparison with data 

Data on bed-load transport under waves and current 

are more limited than corresponding data for steady 

currents. In spite of this, several data sets were 

compiled from the literature and analyzed for the 

purpose of comparison with predictions by Eq. 4. Most 

of the data are from oscillatory wave tunnels (OWT, cf.

Horikawa et al., 1982, Sawamoto & Yamashita, 1986, 

Ahilan & Sleath, 1987, Watanabe & Isobe, 1990, King, 

1991, Dibajnia & Watanabe, 1992, Ribberink & Chen, 

1993, Ribberink & Al Salem, 1994, Dojmen-Janssen, 

1999, and Ahmed & Sato, 2003). Previously, 

experimental studies were often carried out using an 

oscillating tray (OT; oscillating bed in a tank of still 

water, cf. Kalkanis, 1964, Abou-Seida, 1965 and Sleath, 

1978). The OWT data have the advantage of producing 

large orbital velocities for mainly bed-load conditions. 

The experimental cases involved both symmetric and 

asymmetric waves with and without a steady current. In 

case of symmetric waves without a current the 

half-cycle transport was evaluated. A recent data set 

using large wave flume (LWF) was obtained recently 

by Dohmen-Janssen & Hanes (2002). For all these 

laboratory experiments, the bed load was prevailing. 

In case of experimental data with waves only, the 

calibration of Eq. yields to the coefficient 6a ,

which is surprisingly lower than for the current case. 

However, Soulsby (1997) found similar results using the 

Meyer-Peter & Müller equation with the maximum 

Fig. 3: (a) Definition sketch for wave and current 

interaction and (b) a typical velocity profile over a 

wave period in the direction of the waves including 

the effect of a steady current, and (c) induced 

instantaneous Shields parameter profile. 



Shields parameter due to the waves. For this reason, in 

case of an interaction between waves and current, the 

following empirical equation for a is provided: 

Ya 66           (10) 

where )/( wccY .

Tab. 2 presents the overall results for the studied 

formulas and the new equation using the experimental 

data on a half cycle. It appears that Eq. 4 yields the best 

results among the studied formulas, especially the 

root-mean-square error. 

Tab. 3 presents the overall results for the studied 

formulas and the new equation using the experimental 

data on a full cycle. The dispersion of the results is 

much larger. But as Dibajnia & Watanabe (1992) 

observed, some phase lag may occur between the 

sediment concentration and the instantaneous shear 

stress. This may decrease the net sediment transport, 

and even induce a net sediment transport in the 

opposite direction. 

(3) Phase lag effects 

Dohmen-Janssen (1999) made an extensive study 

on sediment phase lag in case of the sheet flow regime. 

She found that phase lag effects start to occur when the 

following criterion is reached: 
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where ws d5010 is the sheet flow layer and 

sW is the settling velocity of the sediment. It appears 

on Fig. 4 (where predicted sediment bed load using Eq. 

4 were plotted versus experimental data for cases 

without current) that all the data that are badly 

predicted correspond to cases where phase lag effects 

are non negligible following Eq. 11. 

To improve Eq. 4, a modification of the 

term netcw, was introduced in order to take account the 

wave lag effects: 

offcwploncwplnetcw ,,, )1()1(       (12) 

where the coefficient pl has been calibrated using 

experimental data where phase lag obviously occurred. 
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The Fig. 5 shows two examples where an decrease 

of the wave period (increase of the wave orbital 

velocity) induce a decrease of the net sediment 

transport. The Dibajnia & Watanabe formula is the first 

quasi-steady formula which is able to take into account 

the effects of the sediment phase lag. In Fig. 5, it 

appears clearly how significant the improvement of Eq. 

4 is by introducing Eq. 12. The general improvement of 

the results is also presented in Tab. 3. Eqs. 4 and 12 

presents the best overall results among the studied 

formulas. 

Table 3: Prediction of the bed load transport rate 

within a factor 2 and 5 of the measured values as 

well as the root-mean-square errors for wave and 

current interaction (full cycle). 

Formula Pred x2 Pred x5 Erms 

Bailard & Inman 45% 67% 4.4 

Dibajnia & Watanabe 42% 75% 7.1 

Ribberink (ks=2d50) 32% 55% 12.6 

Eq. 4 48% 73% 9.8 

Eqs. 4 and 12 54% 82% 4.5 

Table 2: Prediction of the bed load transport rate 

within a factor 2 and 5 of the measured values as 

well as the root-mean-square errors for wave and 

current interaction (half cycle). 

Formula Pred x2 Pred x5 Erms 

Bailard & Inman 48% 83% 0.34 

Dibajnia & Watanabe 34% 81% 0.43 

Ribberink (ks=2d50) 37% 84% 0.43 

Eq. 4 64% 96% 0.15 

Fig. 4: Comparison between bed load transport 

predicted by the new formula (Eq. 4) and 

experimental data where the phase lag effects 

may have occurred. 



3. Suspended load 

The traditional approach for calculating suspended 

load is to determine the vertical distribution of 

suspended sediment concentration and velocity, after 

which the product between these two quantities is 

integrated through the vertical. Several different 

expressions have been derived for the concentration 

profile, but most of them rely on the steady state 

vertical diffusion equation expressed as, 

0cW
z

c
s           (14) 

where is a constant for vertical diffusion of 

sediment, c sediment concentration, z a vertical 

coordinate, and sW the sediment fall speed. Depending 

on the expression selected for  analytic solutions to 

Eq. 14 of different type may be found. A constant 

was assumed. It yields an exponential decay with 

distance from the bottom according to, 

)exp()( z
W
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where Rc is the reference concentration at the bottom 

located at z=0. The sediment concentration profile may 

thus be described by two parameters which are the 

bottom sediment concentration and the sediment 

diffusivity. 

The suspended load is equal to the integration over 

the depth of the product between the concentration and 

the velocity: 
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where h is water depth, u the horizontal velocity 

(varying through the vertical in the general case), z a

vertical coordinate, and cU the mean horizontal velocity. 

As a first approximation, when determining ssq the

vertical variation in u is neglected. Thus, from Eq. 15, 

a simple formula for the suspended sediment load is 

obtained: 

hWW
cUq ss

Rcss exp1         (17) 

3.1 Validity of the hypothesis 

To validate the two main hypothesis of this formula,

i.e. an exponential profile of the sediment concentration 

and a constant velocity over the depth, a comparison is 

proposed between the experimental estimation of the 

sediment suspended load and Eq. 17 using the fitted 

value to the observed data for Rc and . A large data 

set on suspended sediment transport was compiled 

including cases with current only, and cases with a 

wave and current interaction. Most of these data come 

from the compilation provided by the SEDMOC program 

(2001). It appears on Tab. 4 that very accurate results 

are obtained for the data with a current alone. The two 

hypotheses, i.e., an exponential concentration profile 

and a constant velocity over the water depth are thus 

verified for this case. For the cases with a wave and 

current interaction, the results are more scattered. This 

is partly due to the lack of measurement close to the 

bed for some of the experiments but also because of the 

complex velocity profiles that often occur for 

cross-shore measurements (undertow). The mean 

velocity over the depth under the through of the waves 

is more appropriate but still induces some uncertainties 

in the results. The two hypotheses could nevertheless 

be considered as verified for a wave and current 

interaction as the overall results are still quite good. 

Fig. 5: Comparison between bed load transport 

predicted by the Dibajnia & Watanabe formula, 

Eq. 4, and Eq. 4 and 12 and experimental data for 

a varying wave period (a) and a varying wave 

orbital velocity (b). 



3.2 Sediment diffusivity 

Following the CHETN by Kraus & Larson (2001) on 

infilling of navigation channels, the sediment 

diffusivity may be related to the energy dissipation: 

h
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w
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where ck , wk , and bk are constants related to the 

current, wave, and breaking wave dissipation, 

cD , wD , and bD respectively. 

(1) Current alone 

The energy dissipation in the bottom boundary layer 

due to a current may be written: 

ccc uD *           (19)

where cu* is the shear velocity due to the current only. 

Eq. 19 allows to find the same results as the classical 

mixing length approach, i.e.,

huhuk c
c
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where c is the Schmidt number. 

Using the selected data with current only, the 

Schmidt number was estimated and compared with 

previous studies by Van Rijn (1984b) and Rose & 

Thorne (2001). A different expression is proposed that 

should be valid for larger scale of the suspension 

parameter cs uW */ , especially when 1/ *cs uW

( cu*  very small) where the Schmidt number should 

tend toward 1. 

1
2

sin11

1
2

sin

**

5.2

21

**

5.2

21

c

s

c

s
cc

c

s

c

s

cc

c

u

W
if

u

W
AA

u

W
if

u

W
AA

           (21) 

with 7.01cA and 6.32cA .

In Fig. 6 is Eq. 21 plotted versus the suspension 

parameter for all the data. Even if some dispersion 

exists, the predictive results using Eq. 21 are better as 

those given by the existing formulas, with 90% of the 

data predicted within a factor 2 and a standard 

deviation lower than 0.2. 

(2) Waves alone 

Following the study for current only, the energy 

dissipation in the bottom layer due to the waves, as 

well as the sediment diffusivity may be written as 

follows: 

www uD *           (22) 
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The Schmidt number was studied in the same manner. 

However, in case of the waves data, as the shear 

velocity cannot be obtained directly from the data, 

some adding dispersion is added because of the 

calculation of the shear velocity using predictive 

formulas for the bed forms and the roughness height. A 

similar expression to Eq. 21 was obtained with much 

lower coefficients: 09.01wA and 4.12wA . This 

may be explained simply because the friction velocity 

due to waves is generally much larger than the one due 

to current and then the mixing due to the waves much 

larger. The results are not as good as for the current data 

with 65% of the data predicted within a factor 2 and a 

standard deviation lower than 0.4. However, it may be 

observed in Fig. 5 that some dispersion of the results 

may be due to the shear velocity estimation. 

In case of a wave and current interaction, a unique 

Schmidt number should be used for both the current 

Table 4: Prediction of the suspended load transport 

rate within a factor 2 and 5 of the measured values as 

well as the root-mean-square errors using Eq. 17 and 

the observed data for Rc and .

Eq. 17 Pred x2 Pred x5 Erms 

Current only 99% 100% 0.09 

Waves and current 44% 83% 0.43 

Fig. 6: Sediment diffusivity versus the 

suspension parameter as well as the Van Rijn 

(dashed line), Rose & Thorne (dotted line) 

relationships and Eq. 21 (full line). 



related and wave related sediment diffusivity. A 

relationship is proposed as a function of the ratio 

X (see Eq. 9): 

wccw XX )1( 55
         (24) 

(3) Breaking waves 

Using a wave model, the estimation of the wave 

energy dissipation is found from the onshore decrease of 

the wave energy flux: 

dx

dF

h
D w

b

1
          (25) 

where gww CEF with wE  the wave energy and 

gC the group celerity. Using the collected data, it 

appears that Eq. 18 with a constant value for 

015.0bk yields correct results: more than 70% of 

the data predicted within a factor 2 and a standard 

deviation close to 0.3. 

3.3 Reference concentration 

The reference concentration strongly depends on the 

hypothesis on the concentration profile and is subject to 

large uncertainties. Following Madsen (1993) method, 

the reference volumic bed concentration may be 

estimated from the volumic bed load, assuming 

sRsb Ucq  where sU is the speed of the bed load 

layer. The bed load may be written following the results 

by Camenen & Larson (2005). As Madsen (1993) 

proposed, as a first approximation, the speed of the bed 

load layer may be proportional to the shear velocity, 

namely
2/1

sU . The bed reference concentration 

may thus be written as follows, 

cr

m
tcRR Ac 5.4exp           (26) 

where t  is the transport-dependence Shields parameter 

and m  is the maximum Shields. In case of the current 

alone, ctm .

(1) Current alone 

Using the data with a steady current, an 

improvement of the results has been obtained by 

calibrating cRA as a function of the dimensionless grain 

size: 

)3.0exp(105.3 *

3 dAcR         (27) 

It appears clearly in Tab. 5 and Fig. 6 that Eqs. 26 and 

27 improve the predictive results compared to the 

existing formulas. A non negligible dispersion however 

still remains.

(2) Waves alone 

In case of a waves only, following the results by 

Camenen & Larson (2004) on bed load transport, the 

mean shear stress mcw, is used for the 

Table 5: Prediction of the bottom sediment 

concentration within a factor 2 and 5 of the 

measured values as well as the root-mean-square 

errors in case of a current alone. 

Formula Pred x2 Pred x5 Erms 

Madsen 27% 50% 0.83 

Nielsen 13% 50% 0.43 

Eqs. 26 and 27 49% 84％ 0.51 

Fig. 7: Sediment diffusivity 

versus the suspension parameter 

with the roughness height 

emphasised as well as Eq. 21 

(full line) using the coefficients

Fig. 8: Comparison between bottom reference

concentrations predicted by the Eqs. 26 and 27

and experimental data using data with current. 



transport-dependence term. Eq. 26 with Eq. 27 found for 

the current alone still presents the best results compared 

to the Madsen (1993) and Nielsen (1986, 1992) formulas 

(see Tab. 6), although the effect of the grain size seems 

not to be as significant as for the results with a current 

alone. However, compared to the data set for current, the 

range of value of d  for the is not as wide, and the grain 

size distribution of the data quite different.  

As shown in Fig. 7, some of the uncertainties come 

from the errors in the prediction of the shear velocity or 

roughness height in case of waves. 

(2) Waves and current interaction 

In case of a wave and current interaction, Eq. 26 

and 27 can still be used. However, a large dispersion of 

the results is observed. For this data set, it appears that 

using a constant value for cRA induces better results (cf.

Tab. 7). But as it was observed for the waves alone, the 

effect on the quality of the results of the calculation of 

the shear velocity is significant. 

3.4 Suspended load rate 

The classical formulas for suspended load in case of 

wave-current interaction are often either integrating the 

suspended load over the depth (Einstein, 1950; Van 

Rijn, 1993) or estimating the total load sediment 

transport using empirical formula. (Bailard, 1981; 

Watanabe 1982; Van Rijn, 1984a and b; Dibajnia & 

Watanabe, 1992).  The first method allows a better 

inclusion of the physical processes but is generally time 

consuming and too sensitive to some parameters. The 

second one yields more robust predictions but not 

always accurate. The aim of this study is to propose a 

robust and as accurate as possible relationship (Eq. 17) 

whatever the hydrodynamic conditions are, which does 

not need an integration over the depth, but yet takes 

into account physical parameters like Rc  or .

(1) Steady current 

In case of a steady current, Eq. 17 with the 

sediment diffusivity from Eqs. 20 and 21, and the 

bottom reference concentration from Eqs. 26 and 27, 

yields the best results among the studied formula (cf.
Tab. 8; A comparison with the total load formula for 

current only by Engelund & Hansen, 1972, is added as 

a comparison). It also appears that most of the 

dispersion comes from the dispersion in the prediction 

of the bottom reference concentration. Around more 

than 40% (80%) of the data are predicted within a 

factor 2 (5) and a standard deviation lower than 0.6. 

(2) Wave and current interaction 

A comparison between the predicted and observed 

suspended sediment load in case of wave and current 

interaction is presented in Tab. 8 and Fig. 8. It appears 

that the proposed formula (Eq. 17) presents reasonably 

Table 8: Prediction of the suspended load within a 

factor 2 and 5 of the measured values as well as the 

rms errors in case of data with steady current. 

Formula Pred x2 Pred x5 Erms 

Bijker 24% 45% 1.04 

Engelund-Hansen 31% 55% 0.85 

Bailard 33% 72% 0.69 

Van Rijn 30% 69% 0.98 

Present work 41% 79% 0.58 

Table 7: Prediction of the bottom sediment 

concentration within a factor 2 and 5 of the 

measured values as well as the root-mean-square 

errors in case of non-breaking waves. 

Formula Pred x2 Pred x5 Erms 

Madsen 03% 23% 0.47 

Nielsen 28% 47% 1.08 

Eqs. 26 and 27 37% 74% 0.50 

Eq. 26 with AcR=5 10-4 50% 87% 0.46 

Table 6: Prediction of the bottom sediment 

concentration within a factor 2 and 5 of the 

measured values as well as the root-mean-square 

errors in case of non-breaking waves. 

Formula Pred x2 Pred x5 Erms 

Madsen 31% 62% 0.58 

Nielsen 24% 48% 1.26 

Eqs. 26 and 27 47% 81% 0.58 
Fig. 9: Comparison between bottom reference 

concentrations predicted by the Eqs. 26 and 27 and 

experimental data using data with waves. 



good results but much more dispersed compared to the 

current data. The obtained results are again highly 

dependent on the estimation of the reference 

concentration, and thus as shown in Sec. 3.3, on the 

estimation of the roughness height and total shear stress. 

In case of a wave and current interaction without 

breaking waves, the present work as well as the Van 

Rijn formula yields the best results even if some 

scattering still exists especially for the Van Rijn formula. 

For this latest formula, the large number of parameters 

and its relative complexity may explain the observed 

scattering as it is much more sensitive to any parameters. 

The results obtained using the Van Rijn formulas are 

much poorer when waves are breaking. On the other 

hand, it appears that the Bijker and especially Bailard 

formula present the best results among the studied 

formulas. This may be explained as these formulas were 

calibrated for the estimation of the suspended load in the 

surf zone. The Bailard formula also yields the less 

dispersed results. Indeed, this formula is not as sensitive 

to the shear stress (only an average friction coefficient is 

introduced) and simple enough to avoid a dispersion of 

the results. In case of 

Eq. 17, a large improvement of the results may be 

obtained having a better prediction of the total shear 

stress and including the effect of breaking waves on the 

bottom reference concentration. 

4. Conclusions 

A bed load formula was presented in this paper 

including wave and current interaction, as well as 

possible phase-lag effects. The best overall results were 

obtained compared to the studied formulas. 

To complete the proposed total load formula, a 

suspended load formula was also presented assuming 

an exponential concentration profile and a constant 

velocity over the depth. The diffusion parameter was 

calculated as a function of the total energy dissipation 

(current, waves, and breaking waves). And the 

reference concentration was estimated as a function of 

the Shields parameter (waves + current) and the grain 

size. The best overall results were obtained compared to 

the studied formulas; but some improvement in case of 

wave and current interaction is needed especially for 

the breaking wave effects.
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