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PARAMETER-ESTIMATION METHODS AND
THE VARIABILITY OF QUANTILES FOR
HYDROLOGIC FREQUENCY ANALYSIS MODELS

—3-PARAMETER LOG-NORMAL DISTRIBUTION CASE—

By Takuma Taxasao, Kaoru Takara and Akira SumMizu

Synopsis

There are many methods which estimate three parameters of the log-normal dis-
tribution. The methods of maximum likelihood, least squares, moments, as well as
the Ishihara-Takase, Iwai improved and sextile methods are tested by using Monte-
Carlo simulation. The authors evaluate these methods in terms of the mean and
standard deviation of bias in parameter estimates and quantiles (T-year events) ob-
tained by each method. They also discuss the relationship between the sample size
and the estimation error of quantiles. When the sample size is greater than about
50, the method of maximum likelihood is considered the best. For a small sample,
the methods conventionally used in Japan, such as Ishihara-Takase and Iwai im-
proved methods, give better estimates than the other methods.
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BHZELELD bbThIcREVY, HERZRIUCLANSCN S, Thid 20 FRPKXBICOVT
bELTH B, 20FERRKXBRICOVTHET 5L, BHRGRLESRL/NEVY, HEESRZET Bobée-
Robitaille DR %AV R, LF - BEOAE, SHBBENNSV, LAL, T03-0itEHER
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BREOO RO BVEENTEZY, BRLEPRN_RECESLBNEL, OXIXnhRED
& x, BHHYREP Sextile HIZBWHENTE S LBWVLAIE,

Table 1, Mean and standard deviation of parameter estimates
obtained by each method when m= 1000 and n= 100.

Parameter /e o, a

true value 2.00 0.20 30.00
M.L.E. #2.00€ 0.09"| 0.20( 0.04) | 28.28(21.68)
L.-S. (Hazen) 2.01C 0.09) | 0.20€ 0.04) | 25.47(22.79)
L. -S. (WeibulD) 2.02€ 0.09) | 0.20C 0.04) | 23.98(22.94)
MoM. (sample) 2.10€ 0.14) 0.17€ 0.05) 0.49(41.20)
MoM. (unbiased) 2.09( 0.14) 0.17( 0.05) 2.42(40.53)
MoM. (B. -R.) 2.03( 0.18) 0.19C 0.07) | 16.07(41.23)
Ishihara—Takase 2.02( 0.16) | 0.20( 0.06) | 18.87(39.74)
Iwai improved 2.06( 0.08) 0.18( 0.03) | 13.82(24.25)
Sextile 2.00€ 0.1D) 0.21( 0.04) | 26.67(25.95)

* denotes the estimate; ** the standard deviation.
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Table 2. Mean and standard deviation of T-year events (T= 20, 50)
obtained by each method when m= 1000 and n= 100.

L.-S. (WeibulD
MoM. (sample)
MoM. (unbiased)
MoM. (B. -R.)
Ishihara—Takase
Iwai improved

Sextile

249.76(17.81)
241.49(17.20)
241.54(17.17)
241.27(16.42)
241.15(16.27)
240.00(15.67)
249.20(16.82)

T—year event T=20 T =50

true value 243.29 287.48
M.L.E. *244.04(17.02)" | 289.38 (25.95)
L.-S. (Hazen) 244.69(16.97) 289.79 (25.70)

297.17 27.19)
282.50 (26.60)
282.79 (26.62)
284.92 (26.91)
284.87 (26.28)
280.61 (22.61)
297.88 (26.12)

* denotes the estimate; ** the standard deviation.
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HEOTH TS F VBT, HEBREDHDRLI/NE 15> TV 5, Sextile HEid 7 — 5 i 30, 60,
WDEE, THEDLL6ORKDE XZRAXINS W, ZhUATRREHILLTOREV, ThbL, —
i Sextile EIZRWIEESTE RV EVL B,
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Table 3. Relationship between sample size and the estimation accuracy of 100 ~year event es-

timated by each method when m= 1000 (true value= 321.92)

Size:n n= 10 n= 20 n= 30 n= 50 n=70 n= 100 | n=200 | n=500 | n= 1000

Skew : Mean 0.6922 0.9023 1.0253 1.1717 1.2473 1.3231 1.4223 1.5142 1.5417
S.D. (0.4418) | (0.5243) | (0.5575) | (0.5943) | (0.5509) | (0.5276) | (0.4452) | (0.3670) | (0.2814)

M.L.E. — 350. 71“;‘ 338.77 328.43 | 325.76 325.03 323.65 322.99 321.92
(— | (113.29) | (74.83) | (52.70) | (42.53) | (34.21) | (24.44)| (14.58) (9.97)

L.-S. 405.58 347.31 338.45 329.15 326.22 325.14 323.47 322.85 322.34
(Hazen) | (204.20) | (92.40) { (68.30) | (51.09) | (41.72) | (33.72) | (24.13) | (14.52) (9.93)

L.-S. 536.90 391.64 367.15 346.55 339.01 334.46 328.46 324.97 323.41
(Weibull) | (383.15) | (121.12) | (81.60) | (57.30) | (45.39) | (35.84) | (24.87) | (14.70) (9.99)

Moments 301.46 305.21 308.65 310.28 311.70 314.08 316.95 320.15 320.95
(sample) | (78.13) | (60.71) | (53.89) | (46.60) | (40.97) | (35.50) | (26.21) | (18.00) | (12.93)

Moments 305.22 307.30 309.92 311.29 312.43 314.61 317.23 | 320.27 321.01
(unbiased) | (80.39) | (61.59) | (54.48) | (46.85) | (41.10) | (35.59) | (26.24) | (18.01) | (12.93)

Moments 323.53 320.67 320.86 318.73 318.67 319.34 319.92 321.61 321.88
(B.-R) | (86.89) | (67.68) | (59.74) | (50.27) | (44.18) | (37.94) | (27.39) | (18.40) | (13.09)

Ishihara- 317.53 317.76 319.20 317.27 317.84 319.31 320.78 322.42 322.54
Takase | (83.74) | (65.90) | (58.50) | (47.98) | (41.34) | (36.45) | (26.85) | (18.15) | (13.10)

Iwai 332.87 317.12 315.90 311.33 | 311.40 311.83 312.40 312.93 312.84
improved | (100.50) { (64.87) | (53.53) | (42.31) | (34.66) | (28.79) | (20.77) | (13.10) (9.02)

Sextile 548.00 422.98 324.53 357.58 342.47 336.44 330.59 325.88 323.69
(151.67) | (91.31) | (62.01) | (53.25) | (42.90) | (34.96) | (24.98) | (15.38) | (10.64)

* denotes the estimate ; ** the standard deviation.
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