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APPROXIMATE SOLUTION OF FLEXURAL AXISYMMETRIC
FREE VIBRATION OF SPHERICAL SHELLS

By Haruo KUNIEDA

Synopsis

Regarding the axisymmetric free vibration of a spherical shell or dome, the exact ex-
pressions of its natural frequencies and mode shapes exist. However, they are not easily
amenable to numerical calculation. The need for response analysis is increasing, nowadays,
because of wide applications of the shell structure in large builiding roofs, containers, and
vessels and of the serious concern on their structural resistance to such dynamic forces as
earthquake and waves. And, the exact solution is even less practical for the response analysis
under dynamic leading.

This paper proposes an approximate solution which is suitable for such response analysis
and provides the natural frequencies and modal shapes easily which are accurate enough
for engineering purposes. Refering to the exact solutions of free vibration, the deflection
modes are set as the sums of Legendre polynomials, which satisfy the ordinary boundary
conditions and orthogonality condition. The close resemblance of the natural frequencies
and eigen modes obtained from this approximate expression of the solution with those
obtained from the exact solution are shown.
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Table 1. Exact Eigen Values of Spherical Dome in state of axisymmeiric Flexural
Vibration (inertia of w only considered) : a/A=100, v==0.3, clamped edge.

ma?

#o o= Thg )
30.0 1.0592 1.3279 1.6133
35.0 1.0252 1.1972 1.5027 1.7206
40.0 1.0063 1.1186 1.3564 1.6054
45.0 0.9934 1.0721 1.2395 1,5019 1.6762
50.0 0.9830 1.0434 1.1619 1.3703 1.5994
55.0 0.9737 1.0249 1.1108 1.2673 1.4945 1.6557
60.0 0.9642 1.0124 1.0765 1.1942 1.3780 1.5907 1.7167
65.0 0.9543 1.0033 1.0528 1.1425 1.2868 1.4855 1.6450
70.0 0.9435 0.9963 1.0361 1.1055 1,218 1.3826 1.5782 1. 6872
75.0 0.9317 0.9905 1.0239 1.0786 1.1684 1.3012 1. 4768 1.6372
80.0 0.9187 0.9854 1.0148 1.0587 1.1306 1.2384 1. 3856 1.5634 1.6717
85.0 0.9045 0.9806 1.0077 1.0437 1,1019 1.1899 1. 3123 1.4692 1.6283 1.7146
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Table 2. Approximate Eigen Values of Spherical Dome in state of Axisymmetric
Flexural Vibration (inertia of w only considered) : a/h=100, .=0.3,
clamped edge.

30.0  1.0594 1.3249 1.6134

35.0  1.0258 1.1987 1.5070 1.7196

40.0  1.0064 1.1206 1.3577 1.6087

45,6 0.9934 1.0719 1.2480 1.5101 1.6845

50.0  0.9833 1.0443 1.1660 1.3844 1.6168

55.0  0.9737 1.0250 1.1109 1.2671 1.4949 1.6538

60.0  0.9645 1.0127 1.0775 1.1974 1.3867 1.6072 1.7173

65.0  0.9547 1.0035 1.0538 1.1452 1.2953 1.5278 1.6527

70.0  0.9437 0.9964 1.0365 1.1062 1.2202 1.3864 1.5881 1.6903
75.0  0.9322 0.9906 1.0242 1.0794 1.1706 1.3059 1.4960 1.6437
80.0  0.9226 0.9870 1.0164 1.0670 1.1539 1.3984 1.5831 1.6216
85.0  0.9054 0.9808 1.0080 1.0444 1.1034 1.1929 1.3179 1.479% 1.6399 1.7159
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Fig. 3 Axisymmetric eigen modes of spherical dome by exact selution :
a/h=100 and clamped edge
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Fig. 4 Axisymmetric modes by approximate solution proposed here:
a/h=100 and clamed edge
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Table 3. Degree of _satisfaction of approximate eigen value for governing
equation: 2,/2;, ¢o=75°

¢\M°“ 1 2 3 4 5 6 7 8 9
0° 0.9548 1.0138 0.9849 1.0252 0.9674 1.0346 0.9505 1.0448 0.9948
7.5° LOLI3  0.9959 1.0054 0.9868 1.0243 0.8897 1.7054 1.0185  0.9829

15.0° 0.9933 10041 1.3200 0.9899 1.0106 0.9886 1.0432 0.9865 0.9824
22.5° L0047 10172 0.9975 1.0053 1.0356 0.9909 1.0086 1.0086 1.0305
%0.0° 0.9954 0.9985 1.0027 1.0055 0.9957 0.9798 1.0081 0.9991 1.2637
37.5° 10097 10010 1.0021 0.9964 0.9935 1.0043 1.0062 0.9998 1.0104
1£5.0° 10095 0.9983 0.9991 0.9970 1.0077 1.0039 0.9203 1.0008 1.0212
52.5° 0.9964 0.9953 1.0030 1.0024 1.0030 1.0060 0.9508 0.9934 1.0092
60. 0° L0024 10012 1.0013 1.0055 0.9716 0.9958 0.9922 1.0054 1.0328
67.5° 10006 1.0011 1.0023 1.0009 1.0003 1.0031 0.9867 0.9749 1.0352
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