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APPLICATION OF A MARKOV PROCESS TO A MECHANICAL
MODEL OF GRANULAR MATERIALS (1)

By Ryosuke KiTAMURA

Synopsis

In this paper a mechanical model of granular materials is proposed to analyse the various
mechanical behaviours on the granular materials such as sands. In modelling, the motion of
individual particles is assumed to be a Markov process which is one of the well-known stochastics
processes. This assumption is reasonable because the irregurality of the particle in both shape and
volume, and the complicated fabric of granular materials are considered to prohibit the deter-
ministic approach to the motion of individual particles in the grannlar materials.

First, the Markov process is explained briefly and the basic equation of the Markov process is
derived. Secondly, the Markov process is applied to the mechanical behaviours of granular
materials, and the concepts of potential wall and potential slip plane are introduced in order to
determine the coefficients in the basic equation of the Markov process.  Thirdly, the strain of
granular materials is derived by averaging the motion of particles. Finally, the strees-strain
relationships obtained from the proposed model are compared with the results of the drained
triaxial compression tests on Toyoura sand and the availability of the proposed model is discussed.
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COETE=ra 7 BROMFHZBRWLHRIITS C 22T 2,
—flleva 7 BRIZRXTERI NS,
Po{z(ty), #(2s)s s 2(tn-1)| #(20)} = Pe{x(0-1)| 5 (2 )} 1
2T, t1<te<l o< tn,
Po{x(t), z(t) .., z(ta-)|z(ta)}: BERBE X(8) DBEH 1y, fa,o ., bar T X(0) =2(t1), X(t) =
(), X(tna1) =x(tn-1) & %o T B, WY . T X(t2) =2(ta) &% B REHESR,
Polz(ta-0)|2(ta)}: B 01T X(tnot) =2(tny) Lo 7B, BEAl L T X)) =2(tn) L% 5E
BHER.
1) RIIERAR XO BBWT, Bl ta T X)) =x(t.) & A ZHEREHEA t.: L0 X&) OMAIE
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SR»—P(x ¥; 6, ) R(n)dy= _S P(x, v; t, )R(y)dy
=tim L7 (P(x, 35 6, s+ 4= Px, 35 1, 9} ROGIY
(2) REFAMLT
=lim ._}' {SlR(y)dy S“N P(x, z; t, $)P(z, ¥; 5, s+A)dz~S°;P(x, ¥i & s)R(y)dy}

=lim "zlf'[ » P(x, z; t, s)S P(z, y; s, s-}—A){R(z)-{—R @(y—2)+R"(z) - ( 2

4-0
+R" (&) "('sz') }dydz S P(x, z; ¢, s)R(z)dz]

zTig, =2+ 6 (y—2), 0<a<1.
3o, (@ K, BLUHEE (i), (i) 2HWT,
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®
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2
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w(x, £)20, g:o w(x, t)dx=1
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Fwty )= 5o (7 wie 0P, 33 6, 9dw) = § iz, 2 P(x, 33ty 9)dx
(M KREFMALT,

:ST w(%, t)[—-— {4y, 9)P(x, y5 ¢, )} + a . (B(y, )P(%, y; t, 5)}}“

=——— [A(y, syw(y, $)]+ a s [B(y, Sw(y, s)]
Thbb,
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SERINETO= a7 BRICET 2RRE n KGENLRT AL L X HZ 5,
n RELMDH &= (21, 2oy, Tn) BHEBEH L FT-TRDELT, BHl ¢ 1T ThH ML s ©
Hy= (v, Yoo ¥0) KB LZEBEBHRE —KRTOBEERARIT PE, 13t B EHTE, n KED
Kolmogorov @ #ij i) & #4 FBRRIKRD & 5 Ik bo
p] . & @ ) . no .
Bs P(e) AR s)y=— iZH ’ayi [Az(r’ S)P(E’ AR s)]+ i,;z=1 ?Ty:gﬁ [Btj(ﬂ) S)P(é’ 75t s)]

(10)
fhn HU“L‘.'UV:! 71'@1%'(@5@3—’-%!35@5( w(7, ) a)ﬁfpﬁﬂﬁﬁﬁﬁli&im’.}:a TEHRIND,

P W(m s)=-— Z a— - [Ai(g, s)wly, s)] + Z‘ ay ay [Bis(n, s)w(y, 5)] (1
ZZIT,
A, s):l}ng _}r ST Sf (zi—y)P(9, &5 8, s+ d)dzdzydz, (12)
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$ =(z1, 23505 20)-

Lic#isT, nikit=ra 788 (10) R, H5viz (1) Rk ->ThobIh s,
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w37 BELERED N EHRITER LM e L
T3 Litwiniszyn® ™ ®, Goldstein 5, Sweet!?: 11, [ |
Brahma'® % ¥#5% 5, € CTIX Litwiniszyn & N S A
Brahma OFECOVTHEARB LTS € LiKT 5, \_ | /

Litwiniszyn i3 Fig. 1 &7+ 5 % €5 (Cage A/
System) %%, BEOKTHEoRErREEE: | |17 T
HoTii-Twn b, Fig.1 RBWT, & (x,2) ITH #=a i x+a
FEBEFIHEEP(z, 2) L L, MTEHTORED
EANMEET ARRBE LW D L ETIE, &K
PPN D,

P(x, z+p)=}P(x~a, 2)+} P(x+a, z) (14)

(14) REEFL, a0, p—0 LF XKL B2,

9 P(x,5)=B 2, P(x, z) (15)
oz YT Pt ’

Fig. 1. Cage system.
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BERIZTIDTHY, ROLIITEZ TS,
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LcEnd, ThoDEREAVT n RiT<n
27 BBROEBRHBRNTH S (10 X, 50
(11) REBLCLRIDFEAM I B~ 7 B
ELTONREDOERABBE LI N DT TH S
¥, ERCHETIERENFLANVTTRTHIE
THTZLRAWETHY, e FoIERAE
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HL, ZEREBRAFEL T L8R 0N H T
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A, RTOEBH E*EAAOEMRIIBENPA T
by THY, TOW WMTHSRETHY, BT
HEDERCHMAE L, WLICHRKDE Lk Fig. 2. Contact plane of two adjacent particles.
FEINOEMIZL > TDRET DL IDEFEL T
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33 wia7EROERAER

3.2 CEBLLEEA By, B BREVWIMINITHD, ~rva 7 @R0ERAFER (1) RIKROLI KE
EHIND,

2 wtr == 3, L, 9t 91+ 5 5 (Bt i, 9] an
Ay 9=tim 2§07 (Burim e, P s ddpidps (i=12) as)
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S EHREDEAWBRIZBNT, ZONENBHIBRBIEELEVWERETE, Z20H8RKRsELT
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#*TiR Fig. 3(c) WRT LI THADORT V¥ + VEEOKE I HETHULHELELHAEATED,
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MEEEL D AN NE AR ENAOEAVETEIDEEL DY TH D, LTAT, HEARBT X
FUY e VREORESRBEAAVGRMALE LT 5 HMITEFL, Fig 4 [WRTX) 28820 F3€L
BELThb D LFEEL TS,
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(a) elastic body

potential

[ W e e

potential

(b) viscous body

NN

(C) visco-elastic bOdy Fig. 4. Potential wall at the contact point of two
adjacent particles.

potential

Fig. 3. Concept of potential wall.
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RS EMEELLETH L, (22) RRZANF-—DOVEVRTHY, RELTVwINEEFT A BENE
DELVEMEBRELTVWAZLEEZRL TR A,

RICPBDER LRI T 70, #F vy o VEEOR/MEE BREDK x,,1/2,: & Ry p, T2 h
SORT ¥y y NERYBI BBEERDW n, /0,1 & Ray ET 50
Thbb,

x,,,/x,,’2=R,,’,, (23) n,afn, =R, , (24)

XS ICHRAENDLELRDS RO HETF vy v VBB B 2HEAOBEE Ney &L, New DA A
HREDOLSBEEB N, OAFLE LW D ERETRIERAMKILT 50

n,1=N, 1 w(y, s)df-dp; )
(20), (22), (23), (29, (25) REHIAL T Ne,s ROVTRL ERD RS L% B (BB,
/2 2m R "+1
aw- 81=0 320 (?FILJR:T METR n,)

Y=y g (o 0, duedpe {(14 ) - (14— Ja+R, 2R} ]|

81=0 f2=0

(26)
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THY, HENRKEIANOBTRATEZITNVEE—BTL3DTH5,

BHEOXS KR, KESHEFHAUT, Lo dBETIHT IR T oRAHTRATORD
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I/ TIARECTHL LI YHAEEK,Y SMP KEZTwho %7 von-Mises DREHME &AM
BRICEHT L0 LRNATRIEHEDOBRKRELZBETH D (Toct/Toct)mac-TICH BT 5 T & L HB
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12DRBROWTOFHAMETRYBARENARO~HTHLEVI T LEETERLTWIELTWE, &
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(1), (2) TERTF VY » VEEBIUBETRVEOBAIC DWTHBRTE LI THLH, B5K
BAAOEE § BEMIZRE (18), (19) RTEHI N Ai(, 9, Bu(y,5) RO LI Rk %,

Ay Y= 2 (00 F s by B b B0 ) (=12) @)
»
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L 2 N4,
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& 2 ®/EY.
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FAS5CEICL, TC TR (20) RPOD N, (26) RHD 2,1, Ry, Rp,yy R,y LU 27), (28) RiTH
EFND 0,000 ((=1,2%=0,1,2) ZOVTERBT LILT b,

(3) N.izowt

N, BHRBERICET HBEEOBRETHY, RIRTHEBREBATRDEZ ERT 2,

1
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RERENLRRREREL T 5o

C.= ,llf? (32)
BELTWwIEFARBNWTY C, OFFIEL, (32) REAVTR2,
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