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WAVE TRANSFER FUNCTIONS OF INHOMOGENEOUS LINEAR
VISCOELASTIC MULTI-LAYERED MEDIA

By Takuji KoBor1, Ryoichiro Minal and Tamotsu SuzUKIl

Synopsis

General Expressions of the one-dimensional wave transfer functions of the horizontally multi-
layered media are derived to vertically incident waves of the SH type at the bottom boundary
adjacent to the foundation medium. It is assumed that each layer is composed of a homogeneous
or an inhomogeneous, isotropic, linear viscoelastic medium. The properties of the inhomogeneous
media treated herein are selected so that the fundamental solutions of their wave equations may
be expressed in terms of the Whittaker functions which contain the well-known trigonometric,
exponential and Bessel functions. Some numerical examples are presented in graphical form and
their wave transfer characteristics are discussed in detail.
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(a) (b)

Fig. 1 Formulation of the horizontally multi-layered media:
(a) expressed in the dimensional form; and
(b) expressed in the non-dimensional form.
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(g ={ Bt ) 1, g 513 2 MMMELR I It 5 Fbd /<5 2 — 4 O AT
Zon+18n+1(0)

h3={ s w0 (BLk #=1,2 - N-1)

[Bi1] BBCFHTE2LOK, AHESHBILHETREMBR CTERZHERAE LEL—OBREE
ABTLENTESLODT, TFRYNC, MHEOHEAENE ICH 1 2 WIMEFHORBET > TH L S,
Fig. 2 IORT L5, HELEREO LICREELRRBEDS 2BBROMBEEL 5, KBOEKD

ST W EB OS2 R D TREEE

ml(f:)=(1+%)2, gx(fx)=(1+%‘)3 ................................................... (4.3)
THEZ %, T0& XBMBHESHOBERIER

v,(f,):(l—}—%)l/z ...........................................................................
THEZoh3, REO—MER Table 1 OFE 17288 T 5 &,

n m(e) ale) n

Fig. 3 Formulation of the two-layered
media (Case 2).

Fig. 2 Formulation of the two-layered
media (Case 1).
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o:1(&1) = (1 +%) -l[bl Iz (Sao1 (1 + 541)1/2) 1o Y2(8a01 (1 + %_1)1’2)] .................... (4.5)
cer {fz; 2 RO 1 MR (% 7-13 Bessel BE¥0)
" \ves 2ROB2BERES  (¥7:1% Neumann B3

DEIXEDLTENTEBDT, D/ T 4 —2DiE% PFig. 2 ICRTEHIKELZT B.17) £ 30k
(3.19) XEMAVB L, HBNOERSICE T 2RBEEEELRD BT EHNTE 5,
FEMRE PFig. 4 & Fig.§ O@FITRY, T REMRER 72— % a 2 HHIKE-T, %
B (61=0) BIURBLERE L OBAE (£:=0) KB 3Bz HEEE
{ﬁm%t& ©44(0) =0,4(0) |

_ [I{e.(0)} (n=1,2) e (4.6)
A =L ©0,(0) =tan Rio,(0)}

(TZit, R; EHEES I BERAERT)
DIDIEFITHRLISDTH 0 MABFHIANBEOMMEEDFTHERL T3, Fig. § HEREOR
M4 001(0) Kb TdDTH 3, REELERE & OEMATMOIAEE: 00(0) i, RE =— FIHL
TZOROMEIELOREKERE « 23PNl 2888 & Kahh 3. AN, XBE
ERFOBREICH T AAMUEEY +7/2 BXOBER £n KB ELCAH, EHZ5L2TORME
WaskME (B) BLOBAREREZECHORBIE— FERL

—F, CORHBERRBICHIET 2HELRBRHBRERDOLIICLTED S, T1bb, EEEZHEVIKS
LWEBEZS SHEOBKASEL, SElshiE8BLBOTHERRIKELT 3BRTORSELE-TZh
2Z0BERETIELL T, 2hEREBRICHESELT 2H9EEREMRICEHRL Z20TH 5, KED
DEMEL, 2, 4BIV8ELBAOHEMKREL Figs.  BLU S osh e A&, WH — A8
BIUOEHRBTRLI.

I DRE DU TFORMIEHTE %,

1. a=0 b bBNLESICEEO L THERAEORMDIEF®SE 2 2L 0 S #EIT, EREH»S DAY
BORMD2{EIB T LARL, CHRERBELRBOEARMGEHREICE -7 L X ORMICEFL L,
WEEORMBEER 6=0 OLEXDIDEL D BFHIEKREL (00(0)22), /- EBE L EXEOHFEOR
TMEERERCDEI D BFINED (04200052) LWSHER2EHBOLTKLONIHED
OREERHBOBAI SR - T BT Ehbh 5,

2. RBOSEM AL 2L LK, BERBHROBEEIRERHBOLOICEISHEL TV E
PUPRICED LN B, RGEROBESHERI/NSOCOATE, PR0AEETOBRIKE - THHE
BREHRI X ZELUESTEET, ERANI4BEOSERTHITHD, SER 8RS 3 LHOR
B T RIB IR R—K L T 3,

3. COBHTIR. WER2EMBROLEZICALNS XD HEzSEGERREFICEL CRIZFBN
BREBERLTO 3. Lichi-T HRRBPSEFREBICLD &V S T EEBRTIE, BERIHD
FHBEAMNKREOLI T 32b0LBbNh 3,

4. HEE 2 BHBROBACIHEEMES0 R tr OLLATRBO M EAEICH T 3R MM
HELL L AEEBRNT, CORICRTEEDOREERDONSVREBEL S OB OFHER, 24KELTHN
EHER2BHROLDES T VES T, RERXRLSAETOTIC—DOOHERRKICERZ /- 2 {HbE
THEOEOOHEMRRRINTNEEA B EBTEL S,

[Bl2] 52U FREBEHOREOVIEATH 1 ERILHEERSTH LS. Fig. 3ITRT LI, Fit1 &
FBUBRTEBOUBOAAEZ L HREEL, REOHE2ZDLTHEMELZRDOLSIKEX 5.
my(&)=1+a&,, gx(fl)=(1+0151)5 ...................................................... (4.7)
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UITCoREHTE a=1/2 £F2)  Licd-> THEMEEES OBRIER

DIED) =(LH@EDZ ervrermmmmmree e (4.8)
LisBo 12, FEO—HHEIZ Table 1 OE 1T5BRLT
o(E0 = +ag) Y (D +at) ) +a Vo LA rag) ) | s (4.9)

DEH PR 2IROMEERAESALEETERDEN, Hl1 LEKRICL TRBIZEEELRD I EMNTE
3o BREOKEZEEMH AT 2HEERL, F1 LEACERT Fig. 6 (ki) sLo Fig. 7 (AL
M LR — F) KIRL 7.

NS ORKDIEHTE 2811,

1. Bl iCH~ 2 ERBORYEMORESKE L ->TVLEOT, WERBHRICERZ EREA 5
&, BFEEMBLBNEZCFIERBAEOTIAEPRID KXV, ZNTHHEM M 4BETE OMEMIT
THMEIONTEY, SHEILZEMBARFIF—HTELOIBEREMBBLNLTO B, ARICIIRE L,
S7chS Pl BXUEI2 2BUT, RBBLOCERBEONTOMEICBN THEEDOLEICE L TRIRGHE
MERTEEMBOLNTN 3,

2. LEchi-T, REELSEERE, ChiEEMTERTHEL, SESNRECLICBARTORENS
MEEZS DL SBREERNREHARICERI 2L LKL -T TR KBETHELTALENTEBEENEL
Yo TOT ERET, FEZEREOFMICEVLT, #RT 50 2hOHELBTES FANOHED
FABYTERE TENUTE 3 & xicld, 2REREER—-D2OBRERI S B EAERRLTHEDT
b0

3. ML BENELT, DEHELL L THRIPHSHEYEL B3 EHHEOTNOEDLNTL BT &
BEDON B, EEICIIANE (EBRICE I 0B oMk L TH3EEN LOSORBMERS RS
ATORNEEZ L NEDT, ANEORIMEAH—FORBENICEE 3bDL TN, FIETE~KIE
Pth 20 REBI IERALETSTHTSHS S,

4. ZOROHEEBI T 55, REMHMIELBE LI LI, FEEMROKRE A
RIEDHCEL CRIZRAMNEESHZRTLSKED, RIGEOBRE - BMEb Zh NI LWVE
BEBXHRIL D,

[(Bi3] B2 TH--BELITFABLBRE G HBRT REOHDEEREOHRIBEREESE
ZZTHE Do Fig. 8 KZOBEREFK/ 7 A~ 2 DEERT. DS LHHBOFEE me & YN BEEK
&z DHEEAEZLT, BHEESEICKETPHBOXBEEZRT 5, THBEOHRMEREK HhEkmick
U 3EEEECL TZOIMEPOUMETTTI@DOMEESZ, FEOFSENIIGEL THEHT 3EEEEL
T b, &, HMBOLDICHEBSLEOER FICH—DREBEREBOL 2 5154 (h=0) 2Nz, &

n h m(g) g(e)

Fig. 8 Formulation of the four-layered media (Case 3).
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bET8EYDBEAR DO THREHEET 10 B8, B1EBLUEIR/ICE T 2HE, BNEERND
SRR TEEBIES LU —-RBORER, B2 4.7)~1.9) REBVT a=1/5 EH<{h, H50E
BERdsuflx 23 KEZ LD a=5/28 LBFEThEFNBELN 2B,

HEMEDS b, PHBOWEE N7 4 —2iICE -7 & & OWBREICE T BRMEE 04(0) &ATAREE
00:(0) ZZzhZh Fig. 9 & Fig. 10 KR L7e g7, PEBOHEAETLRENL 2D iILo0
T, FHERECBY 2RMGHE 04.(0) [#n=1,2, 3, 4] 0%l Fig. 111, 2LC, HPEOMELEZ
7oL 1RD S 4 RETOIRKE (BB ICRHBREOLMREHED £2/2 Wis2L &) DR £— FHE
DEHCENT 2%, 20L& xOHRREBBD ¢ EL L biC Fig. 12 TR L7z P EDERICENT,
(a) TRU-ORTREBAHE - WHHERE &S INSOFE “K5ER” 54T, £/ (b) 3R
BB - BRI & IR & VBT “BER” BRiKd i > T 3,

BREREEED B L,

1. FEESKETES

Fig.§ (a) KA 5B L5C, HREOHESRMEEICRIT T HEIBD THRT, REEIAEL
153 & & HICHRRIM I AN ICELY 3. C OERREKBBEABBRERLEATORN L EEELAD
5 EEERIMICTCENEARB LS 30T, COMBROEFRIM ICH L TbhEBOWE SRS
PEBEARELTVWEbDEEDLN S,

—F, MEHORMEES KEBEELZTTT, KPHLEEOMAL &b ICHIRANETREFICKRET
A EBEIKIEE, THIRFELL TRB L PHNBOHMIEASR LB K RIF LLSRTHEE
5 Figs. 11(a) BX 12(a) X DHEFEIN S,

2. TEEIRELIEA

WIS EA & IR, PHEOHENMRMEEIRETEEIE AMKTSH %, Fig. 8 (b) KH L
hakHic, HEEOHEHIEYREICK - T IRREE (L7si- TEROE K T U1 ICEF RS
) OEMREEAD, IR AVIEF2ROL S BERDOE X ICIHE LAENDIE L, i il
B DRERBE~NBTLTS, CORBBLBLTL O —HIEREBBILEBRLEN,

—REs R & L TiE, PREARE I B & b iIciREICE ) A iRAMEORTFHER NS B
CENTFREESNG, Fig. (b)) %4 3 EEMIC IRBLV 3ROBAITEBY OFEEZRL T2,
g RE IS 313 FHiRE OMIRAMN T ORMEEIHEAL, Lrd 0L X OESRIOERATRE
bREVEVI LS 2RDEASSINOEEREET 5, THEOHENBREICILZLLBITZED LOE
LOMOEE A v —& v 2 A& {1230, Figs. 11(b) BLU 12(b) D2RDE— FE2BRITNI,
COHDOEDOEMICE » TR EETOREMIERASAS A B2 LI BRBMEBSED - T, 2RBB&HET
DEBANICA > TN B DIREDEIBEKBE L TE L OTREPAIDEELLON S,

5 ¢ 7 (63

AFFRIE IS B 1S IR R A s & 12 B R HIAR O W BN iE AR D BT FHEEEE L TR LD
DOTHHH, TONABEBENTNUERDOLDILIL S,

9, RYERD 1 RTHRIE MR OES) Hi2 X OB AM /= A8 - 153 Ra% - M &% 2 070
Micats Whittaker BIICK » TRE SN BLDORMEE LT, BHROWEEZRDbT/ <7 4 —2 L FHN
A X NIERER & ORICRIL >~ & BB E RO MR 3 HOEBHE SOV IR EMRS H
BRI EH, COBEBRERLTOL d2LOREGERREKOWE &2 DERBOREE-BERICE Lo
wRIT, HWEIRERE LIKEAES 2VRIAEEREODZREMEABEL, BREH» S SH BHE LI
ABL o & & OB OERAICE T B EE, FIRICELNEABESRENICRRLIEED
EFHERO—EEL S HRL T, FERECH T IERAEHFCESOTRELTOL LI FEIKLDK
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Bize BB, REELEKRDEA LHERBEKOES L OB ESD TET ORIEFAETRL, 20
HREREIT Lo

HEA»LBONALFECRRIROL S KEHNTE 5,

1. REERBAREECREBREATEREZEBRE L:—ooBREEZ NS, Lch->T, AHE
R ORI mEER, ChEHULEROBIKASEL, AHEhEBRBOTENTORENEHE
AL DL SBHERRBEKCERI ACEE - TRUNIKER T2 LHTE, $-08Ks BT E
LD ZDEPDEEBED B ENTE %,

2. Lo e, HELRBEEAOES N OREEEHEOEEEY S oMk B% T4
FCEMUTE B L &K, CORBRALZE—-OTREGEEECERZ T, = OB EEE L ENNICHTE
L3 EERLTN B,

3. BPITHR -7k 5 BER FORBORMICENDRBZROMET, THRBOMREROAZELS
*5 &, MRETORBEEFIEE, KFIEENOBTICL Tk 2 OREBE2BRICE T, HRRIK
B URREMEORMEEIMEAT 3 L0 S FHICKkE { BB 5, Rt ICREREEN OBTIEXL
TRINS O EOEEIBAMRERT, & WEROBRIREIIZIZ LAEEDS T,

4. FEEOBAIKBNT, FEEIREICK 5 & &b ICHER T OERAM EORMEMR —BI/NEL
B2OMEBTH B0, TOEAEANEL B Z LD BIRGKEEIBEONTL 3T 45 5. BEY~D
ANHBER OBEMEFMT 3 SVIEETREIENOTHA S, ‘

KR DEFITEHHE O DICHREEAOEA LR - 1208, EEOHBRAERT 2 HEITIIMNS hOHRE
WEHREBRBOELEL, ChicESBEERSEOLNTL 20T, BENHEHEEL b RER b Bk
HERRTHH Do ZDBARWIIREI T # — 2 ap PERKEN B0, AHOEFTELL, EF
argument % & DMK OHENLBILZEVIBEHELOBLOBAL S EHBA-TL 31T,
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Do OASHEICKT 5 “WEEA MR- BB AT NS —REEY” L0 5 RAROTEE =ZEERIEL N
BT EKRNL B

BRI, RRTER->RIFFERL SBOBEAH ST 2BV T—HIELT 2L 55 SEH
HEYTIRCHNHERKICHIR TE 350D\ TH, ERESP S OANEEICKT 3 2 DfmEE
REAGLENV 20 EHATE R EEMHELTE L,

g % X #®

1) Sezawa, K.: Possibility of the Free Oscillations of the Surface Layer Excited by the Seismic
Waves, Bulletin of the Earthquake Research Institute, University of Tokyo, Vol. 8, Part 1, 1930,
pp. 1~11.

2) Kanai, K.: Relation between the Nature of Surface Layer and the Amplitudes of Earthquake
Motions, Bulletin of the Earthquake Research Institute, University of Tokyo, Vol. 30, Part 1,
1952, pp. 31~37.

3) Herrera, I. and E. Rosenblueth : Response Spectra on Stratified Soil, Proceedings of the Third
World Conference on Earthquake Engineering, Vol. 1, 1965, pp. I-44~60.

4) Kobayashi, H. and H, Kagami : A Numerical Analysis of the Propagation of Shear Waves in
Multi-Layered Ground, Proceedings of Japan Earthquake Engineering Symposium 1966, 1966,
pp. 15~20.



230 KB K ERERFI3E A (.45, 3)

5) Kobori, T. and R. Minai : One-Dimensional Wave-Transfer Functions of the Linear Visco-
Elastic Multi-Layered Half-Space, Bulletin of the Disaster Prevention Research Institute, Kyoto
University, Vol. 18, Part 4, No. 148, 1969, pp. 27~64.

6) Hardin, B.O. and F.E. Richart : Elastic Wave Velocities in Granular Soils, Journal of the Soil
Mechanics and Foundation Division, ASCE, Vol. 89, No. SM1, 1963, pp. 33~65.

7) Dufly, J. and Mindlin, R.D.: Stress-Strain Relations and Vibrations of a Granular Medium,
Journal of Applied Mechanics, ASME, Vol. 24, 1957, pp. 585~593.

8) Biot, M.A.: Theory of Propagation of Elastic Waves in a Fluid-Saturated Porous Solid, I. Low-
Frequency Range, the Journal of the Acoustical Society of America, Vol. 28, No. 2, 1956, pp.
168~178.

9) Idriss, .M. and Seed, H.B.: Seismic Response of Horizontal Soil Layers, Journal of the Soil
Mechanics and Foundation Division, ASCE, Vol. 94, No. SM4, 1968, pp. 1003~1031.

10) ZHA%K— - FHENBA - —ME  WELR KRB — HREE, 1960, p.56, p.150.

APPENDIX

(B1] g(&)=1+aé)?, m(&)=14+ab)* [a, p, q ; FBREH] 2EXD5E

CE)=Co(l+aE)Y [Co7 i KT  ovoeemrereemmmremesimmeneee e (A. 1)
EREL, Thd OBEFRERER (2.14) KAAT 3L,

[(2p—1)2—4utr?]+ [ 46Cor*(1+a€)T —Cotr*(1+ad)™
_4(‘1‘!_0:(1 +a§)2<q—p+1):|:0 ........................... (A.2)

C OBEBEMEEH IR DI DITE,
(20 —1)2=4u%r?, £=0, 2r=2(g—p+1), —5027‘2=4:—°: ....................................... (A.3)

1 AERRXSERICELZShE LY. ThERNT,

—g— - 5 201 2 B0 e,
r=¢g—p+1, £=0, u iz(q—p+1)’ {o iz’a(q—p+1) (A. 4)
MEBNB, T (AL BLU (2.13) K&,
— ; a, B B PSP
C(E)—iZza(q_Z+1)(1+a§)ﬂ P+l (A.5)
(E)=AQ+al)~#+DR2, LT A=d[+2a,]"12 = e (A.6)

LTy T ORADOEARRR LITBROoNABHE (2.15) RIRALTROL S ICKRDHLN 5.

¢(5)=A(1+af)—(ﬁ+4)/2Wo i 2],;1 (iﬂoﬁd—) Q+a f)q—pn) ............ (A7)
*E2(g-p+1)

RiC, Whittaker BB M,,v(2i2) & Bessl B¥ v(2) & OBZER®

e- (V210 .
= CTOPHUDT  pf (D52)  ceveerrereeerereeeiiinraenneaeatetan e eaeaeearaeens A8
PO= e v ) (A-8)

BEEBRLT, (2.9) KRiBNOT
(=2 B2 Wieu(2)=Q2V2Z({), £=0, p=v
15 3% eI, T Bessel O HER

[4%22_;_% .%4_(1_%:)]2,,(():0 ......................................................... (A.9)

CIRET %o (T Zu(0) BB E—BNICRDTODET ) DEDOEZERLD, ZOBKOEA
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RIZHREEREROTROLSICEREHTZEDTE %o
0(&) =B +af)V2-2Z  25-1 (+
*2g-s+1D)
T, B REHSBIERT,
[Bl2] g(&)=(1+a&)? m(E)=(1+p6)¥ [a B p q:FEER] £5A55EE

e p+1)(1+a5)q pH) .................. (A. 10)

CEY=Co(1+al)Y  [Co T3 RIEET  cvoveeereemermr et (A.11)
ERET B L, £HER (2.14) RROK SIS B,
[(2p—1)—4r7]+ [ 4ecor? (Lt af)? = Cotra(1+ a)?r —a  (EEOR N0 12)

LT, p=g=1/2 D =1 EBFI
#=0, 4cCo(1+a&) ~CR(L+all—M (1 B LHAE) =0 wrovrerssmnisrneine (A.13)
WELNB, ko2 RMESMICBRI 2 HicR, ¢ KBT 2EHORMMBBTIZ ST EES 0L

5
(02a2+4aﬂa° =0, 4rloa—2Pa—4(a+ ﬁ)““ =0, 4kly—Co? —4‘%2:0 --------- (A 14)

FoB2RIEZ o> OBRRIHE S W WRESICKIZ D BICH 1RNE B3R %2 B & ¥ TS
&’

Co=i2%= __§’ K:i%'\;{:_aﬂﬁ CHERIE]  -oeeeeeeereeeeeeneenecnns (A. 15)
BBOLNZ. e (A 11) BXY (2.13) R&D
C(f)=iz%/j§ (L4 @) oo s (A. 16)
2(E)=A+al)-12, TZiC Asd[iz‘/——gao]ﬁm ........................ (A.17)
L7chinCr C Ok [g(6)=1+af, m(£)=1+pE] DEARE (2.14) RILVKRDXSKRDHDBN 5,
o =AU+aE) W 20 acs o(#28y =2 (14a8))  [HHRND (A 18)

1B a=p DLEITRIHI1 D p=¢=1/2 DHEI—T]T 5o

[413] g<e>=(1+%)”, m<f>=(1+%)2” [a, p g EEEH] 251588

ac m(£) _ _ ) e
(df) —~4a20Ed = —dag: (1+5) (A. 19)
EREL, S5 £=0 do p=+1/2 EBHT, FHENRL
287 g _(&V_
2 5 3(@,,) +28 (g) 0 BBV
(3)+q)(1+ [3(1, qg—2)= +4(1+ 5)] T (A. 20)
DL HCEREN S, HIC
DHG=0 e (A. 21)
MR TE ERBESNICER SN, T/ (A 19) BXU (2.13) &b,
C(f):iziaox(1+%)_zpd6 .................................................................. (A. 22)
DEY=A=d[26,] 12 eeerererereeen s (A. 23)
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MWEoh3, L7zh-T, ZOEME[g(8)=1+a/é)2,m(E)=1+a/E)-?]DERBIZRDL 5 ITH 3,

(&) =AW0,;H/2(t Qiaog(l_i.%)—zpdf) .......................................... (A. 24)
BE, EHEK S SREEAMEEE I LU Whittaker % O OBEFHER
E=F(a, a; 2)=My+12(22) e s (A. 25)

ZBRLT,
(-2 Mo =0, pg=+1/2

2 3EBE (2.9) RIKHEE, EREROFER

B 100620 e e, v e
[d_cz_l]egzo .............................. (A. 26)
ICRETBOT, BERABRILRAOLSKEBT L LTE S,
. a\ -2
o(&) =BeXP(ilﬂoS(1+?) dE) ...................................................... (A.2D)

Lk, BREBBIETT.
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