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BASIC STUDY ON STATISTICAL LAWS OF CHANNEL
DISTRIBUTION IN RIVER BASINS

By Tojiro TSHIHARA, Takuma TAKASAO and Kunio SENO

Synopsis

The geometric structure of channel distribution in a river basin is a basic characte-
ristic for the mathematical analysis of flood runoff as intensive hydrologic phenomena
and for the quantitative evaluation of long range variations in configuration of river
basin and runoff pattern in physical geography.

This paper treats with the stochastic process of the formation of channel distribution
in a river basin under the action of external agency through the mathematical analysis
of a model obtained in terms of the concept of stream orders in quantitative geomorp-
hology, the theory of geometric network and the probabilitistic approach.

The mathematical analysis discloses the probabilitistic characteristics of geometric
quantities composing the channel distribution, and it is concluded that the channel
distribution converges to three statistical laws under the equilibrium conditon.

The present approach will be a real contribution to the theoretical procedure in
quantitative geomorphology and will play an important role in macroscopic water prob-

lems.
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Fig. 3 Illustration showing the first three steps of development of a drainage
system and the distinguishable cases at each step.
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LIAHT, TOROELD Ni=n->oco BITHERIEL (260 XL VEBRDLH,
Hm Sa(N1/Na) =4 ceerrerieeeetiieteiite et bbbt 28
LigB,

bbb, i Ea(Niy/N2) 78 Ni=n—> o0 TR\, 4UTRbiWT ERTH I hichbiTtH
b, #R, Ni/N: OREHEOBRME 4 1R+ 5 - L A S hichiPth s, L, SP@z3) o
—RIz SPO, SP Xk 3 b Db, Sa(Nu/Nuw) @22) OEREYERIICRDS L
IXTEAVA, Fig. 6 OENSLLBELN L 51T, 1 L2 OROBRE, FoF s kit
Houtl OBRZHTIID DT EMNTE, 152D Ni=n OHEINC L ABLREN, #OBInC X - T
BiesicdElevi VWi b, T LY, AEREDOS v L A EBERTENSARTHA S,

P EDHERZRNCH Hbhwil, (v OFEHR Nu A THICKEVEE

1

O @

Lieh, CoORFRE VAREAZSTD LT3,

2.5. ARREBIHTOHRSFME (/28D

B FERE O F AR OB OH T D—24 LT, —HHic s\ T Nu BHHHHE v OFED 5 b,
I u—1 OMELO L BEWAEFEL > T BLDONRED L 5 KEETHML TV B 0% B LEND
%0 £ZC, NGCu) MM u—1 OFEBELOL BAW ALY § HL OB uOFE Cu DREL LS, &
Rz iug, 3 u—1 OFER i+1 BRAL WA s OFEORTH D, THE, —HEK
DWTOE DN ORI T A LRSI TH B,

ig‘l NQCu)/Num=1  cerrrerereerreeresrmen ettt (30)

CCR, inm RARABORKET, BRI Nu,—1 ¥TTED S,

D N@GCu)/Nu ® Ny=n->co [ZiTHHHHERE ( KL TRDTHL 5, FFHTIRRLOIT
31 LR 2 DBAMR, Tiobb I OBEAR u=2 OBALEF RIS TH B, i, N> Tkt
HHEEY RO BHE, EALH Un O LTELIITZTHL Z L IFHOKERL Vb5,

22T, Un RETNBAWA § B SR 2 OIEOREY (@)Y LT5L, Ni=n->o KEIT
BN(Co)/N, OB, |

}3320 Ea(NGC2)/No) = }tgl;lo (az)SE)/SS.” ......................................................... (3D

ELTRDBZENTED, Un L& TN BRI 2 OMEORE SP o—BRIFPETRDI L 51 (25)
RTELBNRBA, ()P O—BRfERTTRDd b, 1ok 21, Fig. 4 ¥Zhubn5 X5,
Ni=5 08, Us K& hafl2 ofEoBiic SP=20 5, (@)P=8, (@)P=4, (@)?
=0, (@)P=8 Licn (ZDX>7fEix Ni=23 10 KL THRLI D Table 1 TH%), L
ML, o¥D XS5 L CHEBEIIRDB ZENTES,

BEAZeR Un 0 L CATA § 8% 4 of8 2 OTMOBE (@0P 1 Ni=n 225 Niy=n+l 2k 3 C
LR Lo T Unyy ECRTINTARA i+1 B oM 2 0WERR D, HofRotHcEROKHR



AR - - e AERSoM ik 2 ZRNE 355
Table 1 Examples of (4,) and S@
(2
" (a)y SSIZ)
i=1 | 2 3 4 5 6 | 7 | 8 | 9
2 1 1
3 0 2 2
4 2 0 4 6
5 8 4 0 8 20
6 30 16 8 0 16 70
7 112 60 32 16 0 32 252
8 420 224 120 64 32 0 64 924
9 1,584 840 448 240 128 64 0 128 3,432
10 6,006 | 3,168 | 1,680 896 480 256 128 0 256 12, 870
2L hb, FROEDOMRIKD I,
(@1:)@;=2-(@DP oo (32)
Licaia T,
(@) P =2i-1. (@)@ e (33
Lieh,
LIAHT, BHMIC
n—1
;1 (BDP =8P o (34)
T%éb‘by
n—1
)_:1 (@DD/SP =1 e (35)
L7sh, BADFBEOEFHIATIIR 2D
lim (ai),(,” / S,S?)=const. IS rrereerreeeeresercneeerectinie et e e e et aerararana (36)
IR Lt udie Bish, CORE (33) RAMRALT i=2 &Thud,
az=lim 2(a)P,/SP =2 lim ((al);lzl/sgll).(57(1231/5;2)) .............................. €1))
n—00 n—0
EisB, LTAN, (B6) Rib
lim (al)f‘zll / 31(1211= @ eerrereermesieiii ettt ese et e s s s anteasases (38)
n—oo
THh, ¥k, @) RERATHL
lim s;zzl/s)(‘z) = ettt eaen (39
N~—>00 4
LB hb, %}%7 a2=(1/2)a1 LB
A LT, —c
1141
T — )
%f8%, LIAHT, ai ik (35) KD, '
R ot ) .or-lf1\i1
lim Z:l ai= lim ;1 (E) eqp=1  reecetinni e s e “n

R LTS\, £ LT ar i const. ‘THD,
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lim ni;l (l) i_1=2 .................................................................................... (42)

n—o =1 2
Thoirb, a=1/2 Ligh, #RK, 40 IV (36) Adb,

i
lim (w),‘f’/SSP = (_;_) .............................................................................. (43)

&b,
Ticbhh, M2 OMED L OEHAROFHAIL Ni=n B3 +FRKEVEE
NGCy)/ Ny= (%) ettt (44
LB LIRS, B bl S, MERED S v ¥ athEBE T O L1k =34,
i UCh— AN b Lo L itie b,
Tihbb, M uOMER Nu BNTHHKEVEE,

NGCw)/Nu= (%) et s (45)

st liEIhD, COBRE 1/2MLASHH LTS,

2.6. TERIBAIHMOMFE (3/4 D

—z, (M OFREEA DT UM u+ 1 OFERTCHALKRNT, I «+2 M EofEicd
WATD, 22T, MBuOFENE u+1 DL EORECED X 5 Bl TRAF IR D E 5 FERS
BosHEMms &b ERS R OB DO HICBEE ir 5,

TR u DFEDOE Nu D5%, Ufiv (v=ut+l,u+2, -k k: BANMED OFECHKATSH
DOF % oNu LT3 &, DFOBAFEI—HBIC OV TORCE I L2 Z LIXHALITH B,

Zk:l Nw/Nu=1  ceeeereemeiiir e (46)

v=u+
ZD oNu/Nu O Ny=n->co [ZKT5HFHELZRD L 5, FiHEAR Un O LTEXIITFTHD,
¥, COBET u=1, v=2 DRBRE, TichbHLUR 1 OFEHSE 2 OMBEICED X 5 cEE TR h
BEokELNITHGTHS,
22T, Un ECRE2 OMBCHEA LTS 1 OMEOBEY SP 354, Ni=n>o0 ¥
3% N\/N, O ET,
,}L‘:}, En(GNi/Nyp ="1_1$ 25’(})/\99) ............................................................... “n

LLTRDORS, 22, SP ik Un & Eh 21 OMEORET, Fo—#Rix 23 Ricko
TELBRTV 5, S D—ERITRD BRIV, U7 ROFEISEFDIIC LTRHHZ EMNTE
%,

B AL oM 2 OWEIE, 1 OMER i+1 BERALTVWS 26, BECESY Avh
i, oSP i,

LSO ="_il‘ G+ ()P =52 :’E_:(H Do (@OP/SD)  coovrervenrsirererriiaeeeeeee (48)

&b,
LichioT, Ni=n->oo [\ CIETEDL/2RIMBAr T 57 (@a)P/SP=1/2)¢ THH L uEET
AL, 4D RNz, .
n—1
lim 2S§1°/S§l)= lim (S®/SD) { Y (4+1)- (%) } ....................................... (49)
n— n—oo i=1

Lileh, LIAHT, (23), (25) KX)D

n—c0

lim 322)/35‘1) =% ....................................................................................... (50)

— 12 —
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THY,
lim '3 (i+1)- (l) g e 6D

n—0 i=]1 2

THHD, R
lim ,SP /S =% .................................................................................... (562)

n—rc0

Lich, Tiebhdh, Ni=n B T5REGEAL,
2N1/N1=% ............................................................................................. (53)

LB iR ING,
oNi/Ny (023) IToWTid, 14 T52 8, SIOMNBLOMERLLFvFarHFEETHE
LEEBTHE, —fT, KR

DN1=71'0—1N1 (for 023) ..................................................................... (54)
BERYVIDZER D, Lichi-T,
-2
ch/N1=%(%) (0=2,3, -+, ) rrrversesrereseniiintet e (55)
Ligh Z Ea RS h, b, —BichBu OEER Nu A Sk &g,
,,N,,,/Nu=%(i)"_“—1 (DmtF1, U2, oy k) oveoreremremmeemmemersssaenseeseninnas (56)

DD ID, COBFEE /AL ASTBE LT B,

3. ARJIKRIENT SEROREORE

3.1, @sRJIKREML EREBOEER

BRI RS RURE R 1300 km?, REKERY) 100km OMF - BRE LichElT, FED
BLFLRABI o B R A i U 5, EAKINT BRI, $E)N, EfE)l, S, BRI,
AERJL, BIL EEichy, TEIES SrBIRECTHS (Fig. T, WERBIABI KRR
HEBCEL, ®THERA)E TORERINBVCHRERS JOMRENNMET 5. T, HIRILSOR

Fig. 7 Map of the upper basin of the Yura river.
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BAT CEBRORBES R E EB YIS A TTLOHRCHES Y, TORKHEBRIKERN S
LTw%, &0 X b BEILC WA 5MIREL LTHEETH H, HEIDRNNOET AR
Bottinabhs,

3.2, HBRRICHERET

B RJIEaIL EFOS 2 AN AR Liss, SR, SRIL s, A, B, Lo TR

Table 2 Observed topographical characteristics of subbasins in the upper Yura basin.

Name of Stream I;I;r:}r)gr o(%f Average Average Average
orders, order u drainage area, | stream length, | stream slope,
basin u Nu 4y (km?) Lu (km) Su (x107%)
1 248 0.68 0.64 187
2 70 2.68 1.28 92.7
Ono 3 17 13.11 3.79 59.6
4 3 94.52 15.10 20.8
5 1 319. 87 11.60 2.59
1 36 0.82 0. 66 198
Kamiwachi 2 9 3.31 2.01 75.0
3 2 20. 60 4.30 23.2
4 1 55.34 4.60 8.70
1 55 1.37 0.99 81.4
Takaya 2 17 5.31 2.26 32.4
3 4 30.24 6.08 8.40
4 1 149.74 9.90 3.03
1 48 1.26 0.80 126
Kanbayashi 2 15 5.41 2,22 15.8
3 4 18.71 4,07 18.3
4 1 156.76 27.00 2.27
1 6 5.20 2.13 10.7
Yata 2 2 20. 4 2.70 7.25
3 1 43.10 2.00 5.00
1 10 4.05 2.34 17.0
Sai 2 2 8.76 1.85 13.3
3 1 59. 80 10.70 1.87
1 68 3.27 1.54 45.3
Haze 2 17 11.43 2.78 17.5
3 4 70.58 9.65 6.40
4 1 368. 96 2.60 3.73
1 524 1.34 0.88 131
2 146 4.77 1.80 60.5
Fukuchiyama 3 35 25.07 4.85 34.3
4 7 144.91 16.20 11.4
5 1 1, 247.98 54.10 2.16
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Table 3 Verification of the four topographical laws obtained empiricaly in the
field of quantitative geomorphology.

Namt'a of g;f;:;‘sr: Bii‘;{fg‘stfon Area ratios, | Length ratios, | Slope ratros,

basin u Ro=Nu/Nuiy | Ro=Ausi/Aus | Rr=Luw/Lu Rs=5u/Sun
1 3.54 3.9 2.00 2.02
2 4.12 4.89 2.96 2.34
Ono 3 5.67 7.21 3.98 1.90
4 3.00 3.38 0.77 8.03
geo. mean 3.97 4.66 2.06 2.91
1 4,00 4.04 3.05 2.64
. ) 2 4.50 6.22 2.14 3.23
Kamiwachi 3 2.00 2.69 1.07 2.67
geo. mean 3.30 4,07 1.91 2.84
1 3.30 3.91 2.28 2.51
2 4.25 5.37 2.69 3.85
Takaya 3 4.00 4.95 1.63 2.78
geo. mean 3.81 4.70 2.15 2.99
1 3.20 4.29 2.78 2.43
. 2 3.75 3.46 1.83 2.83
Kanbayashi 3 4.00 8.38 6.64 8.06
geo. mean 3.63 4.99 3.23 3.81
1 3.50 3.93 1.27 1.48
Yata 2 2.00 2.11 0.74 1.45
geo. mean 2.66 2.88 0.97 1.47
1 5.00 2.16 0.79 1.28
Sai 2 2.00 6.82 5.78 7.11
geo. mean 3.16 3.83 2.14 3.02
1 4.00 3.50 1.81 2.59
2 4.25 6.17 3.47 2.73
Haze 3 4.00 5.30 2.76 1.64
geo. medn 4.06 4.86 2.58 2.26
1 3.58 3.56 2.05 2.17
2 4.17 5.26 3.34 1.76
Fukuchiyama 3 5.00 5.78 4.06 3.01
' 4 7.00 8.61 3.34 5.28
geo. mean 4.78 5.52 3.10 2.79
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Table 4 Observed numbers of #-th order streams having { confluent points.

Stream NGCw)
Namcf of orders Numbers of coefluent points, ¢
basin

u 1 2 3 4 5 6 7 8 9

2 32 22 11 5 0 0 0 0 0

Ono 3 10 2 3 1 0 1] 1 0 0

4 1 0 1 0 0 0 0 0 1

5 0 0 0 0 0 0 0 0

2 3 4 1 0 1 0 0 0 0

Kamiwachi 3 0 1 0 1 0 0 0 0 0

4 1 0 0 0 0 0 0 0 0

2 9 6 0 2 0 0 0 0 0

Takaya 3 2 1 0 0 1 0 0 0 0

4 0 0 1 0 0 0 0 0 0

2 8 4 2 1 ] 0 0 0 0

Kanbayashi 3 2 2 0 0 1 0 0 0 0

4 0 0 1 0 0 0 0 0 0

Yata 2 1 0 1 0 0 0 0 0 0

3 1 0 0 0 0 0 0 0 0

. 2 2 0 0 0 0 0 0 0 0
Sai

3 1 0 0 0 0 0 0 0 0

2 7 8 0 1 1 0 0 0 0

Haze 3 1 2 0 0 0 1 0 0 0

4 0 0 1 0 0 0 0 0 0

2 71 48 16 9 2 0 0 0 0

Fukuchiyama 3 18 9 3 2 2 0 1 0 0

4 2 0 4 0 0 1] 0 0 1

5 0 0 0 0 0 0 1 0 0

CAEL, FhEROEBIZONT, (8% OFEDH Nu, EREROVGME Au, FHERDOFHIE Ly,
i SOV Ss 2 RLI- LDt Table 2 THH, Zhhbiyiktt R, #KEREL R., WHERL
Ry, fE= 5l Rs R T—EEC Licd O Table 3 THH, FEROBHAHUFIKT b2 FH
DT oTWAHI LERRLTWS, i, AEMOSMRACEL T, M #—1 OFEDD ZEHAE
il ORI OFE OB N(:Cu) ik Table 4 12, £ v OMBECIHAT BB « DFEOYK oNu OfE
i3 Table 5 it H#EL, chbOEITTXCELBEERITOS HHO 1OMBRL VBORILD
TH5b,

L2 AT, HBEIHCE T oORKREE Sh, EJHoMk\ SHE OEHR TiebbKRAMRO L
EFTRAEE LCHR BELT, & Ciiige, BURECEEE LTEIhTW 5L ORI REs
LTS 2Lt Ui, LichioT, HMROMRIC L > TYR, B 1OMEE LTRS bO2RE->TS
2 THD, ZOMCELTRIADKIN S B1BHA 54, B BAT G, BERoBRICHK
LW BRI i - TR LR S L0 X 5 Il BRI - TR LIcR Ry, il
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Table 5 Obsered numbers of u-th order streams joinning
v-th order streams.

Stream oNu
Name of basin orders Stream orders v
u 2 3 4 5
1 199 28 13 8
Ono 2 51 13 6
3 16 1
4 3
1 28 7 1
Kamiwachi 2 8 1
3 2
1 46 8 1
Takaya 2 13 4
3 4
1 41 4 3
Kanbayashi 2 10 5
3 4
Yata 1 6 0
2 2
Sai 1 4 6
2 2
1 49 14 5
Haze 2 14 3
3 4
1 407 71 23 23
Fukuchiyama 2 105 26 15
3 30 5
4 7
Table 6 Comparison with observed and theoretical values of the

most probable N, for given trunk number.

Theoretical Observed valules i
Trunk number values . - - N\;;nnl:;f:s of
(Nbear NObe | (Nhar | (Nin
i=2 20r 3 2.79 6 2 146
3 10 or 11 10.54 28 4 35
4 42 61.0 153 17 7
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BLCABWNERYE UL 3w ELLARS,

3.3 BEBXUMCDONHTORE

2.3 THELWEREH (Fig. 5) OZUEYBI T, M1 OFMER N SR—OSEOWEY
WMbIEL, D5 bRAME k=i (6=2,3,-,m) DLONED L 5 EE% HDDEnE TS D DOHIEY
TH52, BEALEFRBLG TR 1 OWER N 3% LW IHROBIIER I AV 0T, 2¥D L5
WiE2 B, Tibhb, BAME k=1 ({=2,3,---) OWRIXMEEOME 1 OFEMND Ino T 5B Z &2
LEIEIh B R ELD, T5E O, Fig.512k\T, Ni=n ot L CTEAEEM i (i=2,3, -,
m) LItHHER Pro(k=1) ORKER S 25 MB 1 OFER (NDbeor TIHEELWIXTTHS, £2T,
BEILERIEAND i=2,3,4 O/NEBICOWT, ThEREBRL T 52801 OER N, Ol s
hBEELT, ThODOTEME (NDL,, &, FOELOZOHEAYTTLOE LTRAME (N BN
18 (NDL, OEVEFREE & HCHEIRTRLI SO Table 6 Ths, EAKOLENS i=2,

Fig. 9 River-capture.

%
50}
O Fukuchiyama u=2
(=) ” u=3
® Ono u=
© Kamiwachi
401 @ Takaya ”
® Kanbayashi “
@ Haze ) ”
20l X  Theoretical (V2 law)
o
S 20t
X
2
~
3
2 o
2
0

2 3 a 5
Number of Confluent Points |

1
Fig. 10 Verification of 1/2 law through actual channel distributions.
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i=3 OFE, BRE (N &EE (N, BRELMEZTLTHD, JOBRORLEYEST
5hDEV 2 X5, . ‘

3.4 1/4RIOBEEMICDNT '

Zhix 2. 4 THRARC X 5 WEHEHIE O S B CRRINICE L Wt ERAIOBRHE ST L kb oL
LTBLAELOTHD, M v bbb FHEIE Ro=Nu/Nuwy 4I5S EBNHHFIRB LW
5bDTHb, ZDOFIk R OEFIfEL Table 8 iZRT L 51T, WIFhi 4FiBoEYE > Tw5, L
2L, BRI IBE, N R0ThoREs+9REVWDT, Ni/N: ZEBIRAESIETTH B,
RRNIDDfER E o> T BIFIEN S, COBEYOEFOL>ERLLS,

— B ROREIOH OB Tk 2R B~ A, » Tiebh, (1 ofGEIHEMLTH <, £L

%
90+t
80}
70¢
O Fukuchiyama basin
® Ono basin
80+ © Kamiwachi basin
@® Takaya basin
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@ Haze basin
5ok X  Theoretical {34 law)
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40t
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o
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3
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Fig. 11 ,Verification of 3/4 law through.actual chanael distributions.
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T HOBEFCKRMNEETH L, OFCXdOME (Fig. 8), AHEMR (Fig. 9 »EH, 1o
BB T5EAREHBY, & BB 1 OTTEOWA OEE TR~ T 2 DIEOE P OB
Ty bk Bbhd, COX5cELIE, Ni/Ne BEEHDNIWERE 220 5BZ0BHL O,
Eh, TEIIIAEO L5 LK BEoTnB e 2212, M2 DFEORAY +45iTichh, —EDOFHER
BGELTWHLERTAELLTELS, id, BAUEKEDO NJ/Ns 570 KEL< 4 203 ThT
WD, HLAEENVORETHS,

3.5. 1/2RIDBEEMICDNT

2.5. THR~RIZE S, /280805 DIy, M4 OWER Nu 25+ EVEE, (45 RPRILTSHZ
EVHIREIRD LV LDOTH B, Thbb, 1ok 2id, Nu BHBEHE u OFED 5 b, L u—1 OF
B BEAWEOBi=1 DL ORLtkD 1/2(50%), i=2 Db DIRFDI/2, Tichbaknd 1/4(25%),
------ B LA BIEINB LWL D THB, Table 2 L Table 4 L2vb, ZHIEDOEED N(Cu)/Nu
ZHEL, ChEESRCREL CERE (45) ) &L LIRERLAL DM Fig. 10 THS, Nu OK
EFVHBTIZ I (A>T, 2D, Nu OPINEZAHTRSE VFAELE {7\, nds, 1/4 8]
DHEH) L &> TOB LM, ERENIR, 120D ED L - TWig 2 EABEBIhLY, 0
FRHROBBIEDLE 255 L2 bRt

3.6. 3/4RIDBAEKCDNT

2.6 TR, 34RIE3 DI, (4 OFEEE Nu 2SR EWEE, (66) RBRITEE
LRI NE LW 0D TH D, Tihobb, b xif, —WHECEWT Nu BHAH s DMED 5 b,
P v=u+1 OEECHATS b DO2LHD 3/4(75%), v=u+2 OIETHKATELOMNEY D 3/4F
thbatko 3/16 (18.75%), - LB LA ENB LV LD THD, Table 2 - Table 5 2»
LEAWEDOREED oNu/Nu RFHEL, hErEFRCHBEL TERME (G6) RX) & LIRBRLLD
2% Fig. 11 ©H %, FMBIC 2V TEREFEL TV A2 ENbNETHA S,

4. #& B

KBTI, ST ORROCENIIEE - KL Tl LRROHBHBFORED > B, &<
TIEH, WER, SKEE WEC SECET S 4 2oBoEEMY SR, XL, EEBOSTHR
RoOWBIBL T, HARFERONEL MEHA” 23 T3R5 TH5E LT, WE@EO b ErY
—EFARREL, WEBOWRERD T v ¥ At ERTH LI ko T, HELTREROFHRTICH
ETAIHRFLVWEBHABARLHRANMCAH TS L LcboTHb, TOKE, FLOWMHBAE L
WHREZTOOHEA (17280, 3/481) #B5LE L, REROMEBMOBRWESTERDLDEL
TUARIERT D% B, ThLERCE DR IHE R OEIERH®RE % B )IAGREAL LRt
LTIy, 0388 TH L EENDT,

5 LTHIBIHE RN, fERO 4 SOMBRIE & biT, Tk LFBAKBHOY AFAY 3 2 v -2
a VERTROIBOEEIBEL D LELbh, BERNLEDTWS,

BH#IZ, ZOWMREL, BA8PE LR FEAE TEREERBEE, ROORHEDLD VIX
BE D (ERAC B I 1o 18 R RS N TR o2, FEME=RS, (UhE, BEE_0=8cE
CHBEAYRTHRETH S,
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